Resonant light—atom
interactions

In this chapter we shall study the processes that occur when an atom
is irradiated with a light beam that is resonant with one of its natural
frequencies. We shall start by making a few general observations, and
then give a detailed analysis of the process based on the time-dependent
Schrodinger equation. This will lead us to the concept of Rabi oscilla-
tions, from which we shall be able to obtain a deeper understanding
of how absorption transitions work. In so doing we shall introduce the
Bloch sphere, which will be very useful for understanding quantum gates
in Chapter 13.

The subject material developed here assumes that the reader is famil-
iar with the standard treatment of optical transitions in atoms and the
Einstein coefficients. A summary of the main points may be found in
Chapter 4.

9.1 Introduction

The treatment of the interaction between light and atoms was pivotal
in the development of quantum theory in the first half of the twentieth
century. In 1913 Bohr postulated that a quantum of light of angular
frequency w is absorbed or emitted whenever an atom jumps between
two quantized energy levels F; and Fs that satisfy:

By — By = hw. (9.1)

The theory was developed by Einstein in 19167 when he introduced the
Einstein coefficients to quantify the rate at which the absorption and
emission of quanta occur. In the same paper he discovered the process of
stimulated emission, which later proved to be the basis of laser operation.

The picture of the interaction process between light and atoms that
emerges from Bohr and Einstein’s treatment is illustrated in Fig. 9.1.
The absorption process is viewed in terms of the destruction of a photon
from the light beam with the simultaneous excitation of the atom, while
the emission process corresponds to the addition of a photon to the light
field and the simultaneous de-excitation of the atom.

Consider the absorption process shown in Fig. 9.1(a). We imagine
that the atom is initially in the lower level, and a light beam of angular
frequency w is turned on at time ¢ = 0. At some later time the atom
makes the jump to the excited state, and a photon is absorbed from the
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Fig. 9.1 Optical transitions between
quantized energy levels: (a) absorp-
tion, and (b) spontaneous emission.
Stimulated emission processes are not

considered here.
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Fig. 9.2 The two-level atom approx-
imation. When the light angular fre-
quency w coincides with one of the
optical transitions of the atom, we
have a resonant interaction between
that transition and the light field. We
can therefore neglect the other levels
of the atom, which only weakly inter-
act with the light because they are
off-resonance.

light beam. Similarly, in the emission process shown in Fig. 9.1(b), the
atom is in the excited state at time ¢ = 0. After a time typically equal to
the radiative lifetime of the excited state, a photon of angular frequency
w is emitted. Once these processes have been completed, we say that the
atom has made a transition from level 1 — 2 and vice versa.

The question we wish to address in this chapter is as follows. What hap-
pens to the irradiated atom before the absorption transition is complete?
The Einstein treatment of the process does not address this issue. To do
so, we will have to solve the time-dependent Schrodinger equation for the
atom with the light included. This will be the subject of Section 9.3, and
its consequences will be explored in the following sections. Before we can
do this, we must first clarify a few basic concepts and explain the approxi-
mations which allow us to set up the problem in a way that can be solved
easily. These will be the subject of the next section.

It is, of course, equally interesting to ask about the mechanism of spon-
taneous emission in more detail. At the level of the Einstein approach,
it is viewed as a purely random process governed by decay probabilities.
At a deeper level, however, we can consider it as a stimulated emission
event triggered by a vacuum photon. The randomness is then attributed
to the quantum noise of the zero-point fluctuations of the electromag-
netic field. (See Section 7.4.) Further discussion of this topic will be
postponed to the next chapter. We shall see in Section 10.3 that the
spontaneous emission rate of an atom is not an absolute quantity, but
can in fact be controlled by suppressing or enhancing the density of the
photon modes by situating the atom within a resonant cavity.

9.2 Preliminary concepts

9.2.1 The two-level atom approximation

The quantum treatment of the interaction between light and atoms
is usually developed in terms of the two-level atom approxima-
tion. This approximation is applicable when the frequency of the light
coincides with one of the optical transitions of the atom. The condition
is specified in eqn 9.1 and is depicted schematically in Fig. 9.2. The atom
will have many quantum levels, and there will be many possible optical
transitions between them. However, in the two-level atom approxima-
tion we only consider the specific transition that satisfies eqn 9.1 and
ignore all the other levels. It is customary to label the lower and upper
levels as 1 and 2, respectively.

The physical basis for the two-level approximation is the fact that we
are dealing with a resonance phenomenon. In the classical picture of
light—atom interactions, the light beam induces dipole oscillations in the
atom, which then re-radiate at the same frequency. If the light frequency
corresponds to the natural frequency of the atom, the magnitude of the
dipole oscillations will be large and the interaction between the atom
and the light will be strong. (See Exercise 9.1.) On the other hand, if
the light frequency is far away from the natural frequency of the atom
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Fig. 9.3 A spin 1/2 system in a magnetic field of strength B along the z-axis (a) is
formally equivalent to a two-level atom (b). For historical reasons, we usually consider
nuclear spin systems rather than electronic ones, in which case the field splitting is
determined by the nuclear g-factor gn and the nuclear Bohr magneton uy.

(i.e. off-resonance), then the magnitude of the driven oscillations will be
small, and the light—atom interaction will be small. In other words, the
interaction between the light and the atom is very much stronger for
the case of resonant than off-resonant transitions, and so it is a good
approximation to ignore the latter.

It is obvious that the assumption that only the resonant levels matter
is an approximation. In many cases, the approximation is very good.
On the other hand, the presence of the off-resonant levels may become
important indirectly. When the atom is in level 2, it could make tran-
sitions to other lower levels in addition to level 1. This would cause a
loss of atoms from the system considered, and would effectively damp
the interaction between the light and the atom. Hence the simplest way
to include other levels in the analysis is to include damping terms. We
shall see the importance of damping in Section 9.5.

A useful analogy can be made between the properties of two-level
atoms and those of spin 1/2 particles in a magnetic field. Figure 9.3(a)
shows how a magnetic field of strength B splits a spin 1/2 system into
a doublet through the Zeeman effect. The Zeeman-split levels are for-
mally equivalent to the two-level atom shown in Fig. 9.3(b). The reason
for making the analogy is that the theory of the resonant interaction
between microwave radiation and the Zeeman-split nuclear spin states
had been developed in the 1940s to account for a whole range of nuclear
magnetic resonance (NMR) phenomena. With the advent of the laser
in 1960, the same types of phenomena were soon observed in two-level
atomic systems at optical frequencies. We shall explore this analogy
further in Section 9.6.

9.2.2 Coherent superposition states

The treatment of the resonant interaction between an atom and a light
field involves the concept of coherent superposition states. Wave
function coherence gives rise to many of the phenomena that make
quantum systems behave differently from classical ones. For this reason,
it is important to remind ourselves of what coherent superposition states
are, and how they differ from statistical mixtures.
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The concept of coherent superposition
states lies at the heart of quantum
computation. (See Section 13.2.)
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Consider a quantum system with two levels, such as a two-level atom
or a spin 1/2 nucleus in a magnetic field. (See Fig. 9.3.) We assume that
there is some way of measuring whether the system is in the lower or
upper level. For example, in the case of the two-level atom we could
determine whether the atom is in the upper level by looking for spon-
taneous emission at angular frequency w. Similarly, in the case of the
nuclear spin we could carry out a Stern—Gerlach experiment to deter-
mine I,. The wave function for the system may in general be written in
the form:

[¥) = ail1) + e2f2), (9-2)

where ¢; and ¢y describe the wave function amplitude coefficients for the
two states of the atom or nucleus. If we make a measurement we would
obtain the result appropriate to level 1 with probability |c;|?> and that
for level 2 with probability |ca|?.

Now consider a gas of Ny identical two-level particles (e.g. two-level
atoms or spin 1/2 nuclei) with Ny particles in the lower level and Ny in
the upper level. Such a gas is called a statistical mixture. By setting
le1|? = Ni/No and |ca|?> = No/Ny we would obtain the same results as
for repeated measurements on a gas of Ny particles in the superposition
state given by eqn 9.2. What, then, is the difference? The answer is
that each of the particles in the superposition state is in some sense
simultaneously in the |1) and |2) states, and this leads to the possibility
of wave function interference. In the statistical mixture, by contrast, a
given particle is either in level 1 or in level 2, and no wave function
interference can occur.

A useful analogy can be made here with interference effects in light
beams. This analogy also helps to explain why we often include the
adjective ‘coherent’ in the description of the superposition states. Con-
sider two overlapping light beams of the same frequency with phases ¢
and ¢ respectively. The resultant field is given by:

E==Ee —i(wt+¢1) + g2e—l(wt+¢2)

—&e —i(wt+e1) (1 + (E2/E1)e 1(¢2—¢1)) ; (9.3)

where w is the angular frequency, and £; and £, are the amplitudes.
The beams will interfere if they are coherent, that is, when

A¢ = ¢3 — ¢1 = constant, (9.4)

at a given point in space. In this case, there will be some positions where
A¢ = (even integer x ) and we have a bright fringe, and others where
A¢ = (odd integer x 7) and we have a dark fringe. On the other hand, if
the beams are incoherent, the phases vary randomly with time relative
to each other, and there will be no interference. In this case the powers of
the beams will just add together, so that the resultant will be given by:

€7 = |1 + |2 (9-5)



The analogy with the two-level superposition states can be made appar-
ent by setting ¢; — &1 exp(—i¢1) and co — Ezexp(—igz). We then see
that wave function interference can only occur when there is a definite
phase relationship between ¢y and cy. This occurs in the superposition
state, but not in a statistical mixture, where the different particle wave
functions all have random phases with respect to each other.

In the treatment of the light—atom interactions given in this chapter,
we shall see that a light pulse links the phases of the upper and lower
levels of an atom so that wave function coherence is present. This gives
rise to new phenomena which are not considered in the Einstein analysis,
as it only deals with statistical mixtures. In particular, we shall see that
while the light pulse is present, the atom oscillates between the upper
and lower levels. This rather striking conclusion appears to be at odds
with our simpler picture based on discrete transitions between the upper
and lower levels. We shall see how we can reconcile the two approaches
when we consider the effects of damping in Section 9.5.2.

9.2.3 The density matrix

More advanced treatments of the phenomena described in this chapter
tend to make use of the density matrix, p. The elements of the density
matrix are defined by:

pij = {cics), (9.6)

where ¢; is the wave function amplitude for the ith quantum level, and
the subscripts ¢ and j run over all the quantum states of the atom. The
symbol (---) indicates that we take the average value for the ensemble
in a many-particle system.
Let us consider the density matrix of the two-level atoms that we are
considering here. In general, the density matrix takes the form:
_{( {al?) (e
p=(loe) (mH): 07
The key difference between statistical mixtures and coherent super-
positions is the presence of off-diagonal terms in the density matrix,
namely p12 and p21. In the case of a statistical mixture, each individual
atom will either have |¢;| = 1 and |ca| = 0 or vice versa. The off-diagonal
terms are therefore zero, and the density matrix for the ensemble is of

the form:
[ NM/Ny 0
P= ( 0 Ny/N, ) : (9-8)

Atoms in coherent superposition states, by contrast, have wave functions
in which both |c¢1| and |c3| are non-zero, giving non-zero off-diagonal
elements. In this case, the density matrix takes the form given in eqn 9.7
with all four elements non-zero.

We shall make no further use of the density matrix in this book. In sim-
ple systems such as two-level atoms, it suffices to discuss the behaviour
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explicitly in terms of the wave function amplitudes rather than the den-
sity matrix. We mention p;; here for the sake of completeness, and also
to identify the importance of off-diagonal terms, which are central to the
whole concept of superposition states.

9.3 The time-dependent Schrodinger
equation

Having covered the preliminary concepts, we can now get on with
the main business of the chapter. Our objective is to solve the time-
dependent Schrodinger equation for a two-level atom in the presence of
the light. In other words, we must solve:

- ov
HY =ih— 9.9
i (99)
for an atom with two energy levels F; and Es in the presence of a light
wave of angular frequency w. We shall assume that the light is very close

to resonance with the transition, so that
w=wy + ow, (9.10)
where
wo = (s — Ey)/h, (9.11)

and dw < wg. Exact resonance thus corresponds to dw = 0.

We start by splitting the Hamiltonian into a time-independent part
Hy which describes the atom in the dark, and a perturbation term V()
which accounts for the light—-atom interaction:

H = Hy(r)+ V(). (9.12)

Since we are dealing with a two-level atom, there will be two solutions
for the unperturbed system:

- ov;
HyV,; =ih , 1
0 1 8t (9 3)
with
\I/i(r,t) = 1#,‘(7") eXp(—iEit/h) {’L = 1, 2}, (914)
and
Ho(r)ihi(r) = Eyhi(r)  {i = 1,2}, (9.15)
The general solution to the time-dependent Schrédinger equation
(eqn 9.9) is:
U(r,t) = ci(t)i(r) exp(—iEit/h), (9.16)

K3
where the subscript ¢ runs over all the eigenstates of the system. In the
case of a two-level atom, this reduces to:

\IJ(T, t) =C1 (L‘)d)l (T)eiiElt/h + Cz(t)lﬁz(r)eiiEQt/h. (917)
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On substituting this wave function into eqn 9.9 with H given by eqn 9.12,
we obtain:

(Ho+V) (Cﬂ/ﬂe*iElt/h + 02¢267iE2t/h>
— ik ((el —iByer /R)re B g 6y — iByes /h)¢2e—iE2t/ﬁ) . (9.18)
Now eqn 9.15 implies that
Hy (Cﬂﬁle*iElt/h + Cz%e*iEgt/h)
- (clElwle_iElt/ R 4 coEgthpe™ 1 Bat/ h) : (9.19)

so that we can cancel several of the terms in eqn 9.18 to obtain:

le/wle—iElt/h + C2vw2e—iE2t/7L _ ihélwle—iEﬁ/ﬁ + ihégwge_iE2t/h.
(9.20)

On multiplying by %7, integrating over space, and making use of the
orthonormality of the eigenfunctions, which requires that:

/w;‘z/)j d&*r = 6;, (9.21)
where 0;; is the Kronecker delta function, we find that:
¢ (t) = _ih (c1(t)Vi1 + ca(t)Vige 07 (9.22)
where
Vislt) = GV (0l) = [ w7 . (9.23)
Similarly, on multiplying by 3 and integrating, we find that:
Ea(t) = —% (c1(6)Vare™o + e (t)Vas) (9.24)

To proceed further we must consider the explicit form of the perturba-
tion V. In the semi-classical approach, the light-atom interaction is given
by the energy shift of the atomic dipole in the electric field of the light:

V(t) = er- E(t). (9.25)

We arbitrarily choose the z-axis as the direction of the polarization so
that we can write:

E(t) = (&0,0,0) coswt, (9.26)

where &g is the amplitude of the light wave. The perturbation then
simplifies to:

V(t) = exEg coswt

= ? (eiwt 4 e—iwt) , (927)

See eqns 4.14 and 4.15. Note that e is
the magnitude of the electron charge.
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The Rabi frequency defined here is an
angular frequency.

The phase factors that might result
from using the modulus sign to ensure
that the Rabi frequency defined in
eqn 9.32 is real and positive have no
physical significance and have been
suppressed in eqn 9.33.

and the perturbation matrix elements are given by:

€

Vi) = 5

(et 4 e~iet) /Q/J;kij dB3r. (9.28)

Now the dipole matrix element p;; is given by:

piy == [ wian; dr = ~e(ilal), (9.29)
so that we can write:
& i —iw
‘/U(t) = 7?0 (CIWt +e t) ,UJZJ (930)

Since x is an odd parity operator and atomic states have either even or
odd parities (see Section 4.3), it must be the case that u1; = pgo = 0.
Moreover, the dipole matrix element represents a measurable quantity
and must be real, which implies that pe; = pi2, because po1 = pis-
With these simplifications, eqns 9.22 and 9.24 reduce to:

C_l (t) _ 1502/;112 (ei(wfwo)t 4 efi(ukHUo)t) CQ(t),

éo(t) = 15027’;;2 <e—i<w—w0>t + ei<w+w0>t) ci(t). (9.31)

We now introduce the Rabi frequency defined by:
QR = |M1250/h|. (932)

We then finally obtain:

e1(t) = 5 () 4 T (1),

éo(t) = %QR (e*iw*wo)t + ei<w+°Jo>t) er(t). (9.33)

These are the equations that we must solve to understand the behaviour
of the atom in the light field. It turns out that there are two distinct
types of solution that can be found, which correspond to the weak-
field limit and the strong-field limit respectively. We consider the
weak-field limit first.

9.4 The weak-field limit: Einstein’s
B coefficient

The weak-field limit applies to low-intensity light sources such as black-
body lamps. We assume that the atom is initially in the lower level and
that the lamp is turned on at ¢ = 0. This implies that ¢;(0) = 1 and
Co (0) =0.

With a low-intensity source, the electric field amplitude will be small
and the perturbation weak. The number of transitions expected is
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therefore small, and it will always be the case that ¢y (¢) > c2(t). In these
conditions we can put ¢;(t) = 1 for all ¢, so that eqn 9.33 reduces to:

&(t) =0,
éo(t) = %QR (e*i@’*“o)t n ei<“’+“’0>t) . (9.34)

The solution for cz(t) with ¢2(0) = 0 is:
i e—i&.ut -1 ei(w-i—wo)t -1
Cg(t) = §QR |: ] 9

- + —
—idw i(w + wo)
where we made use of eqn 9.10. According to the rotating wave
approximation, we now neglect the second term in eqn 9.35. This is
justified by the fact that since dw < (w + wyp), the second term is much
smaller than the first. After some manipulation we find:

le2(t)]* = <QQR>2 (W)z. (9.36)

When the beam is tuned to exact resonance with the transition, dw is
equal to zero. We thus find:

i = (%) e (9.37)

leading to the unsatisfactory conclusion that the probability that the
atom is in the upper level increases as t2. This is at odds with
the Einstein approach in which the transition probability is time-
independent, so that |co(#)|? should increase linearly with time.

The way around this apparent contradiction is to re-examine the
assumptions of our analysis. We have assumed throughout that the
atomic transition line is perfectly sharp. However, we know in fact that
all spectral lines have a finite width Aw. (See Section 4.4.) Furthermore,
we are considering the interaction between the atom and a broad-band
source such as a black-body lamp. Such a broad-band source can be
specified by the spectral energy density u(w), which must satisfy:

%605(2) = / u(w) dw. (9.38)

We therefore integrate eqn 9.36 over the spectral line:

2 wo+Aw/2 : w1/ 2
lea(£)]2 = :“122 / u(w) (Sm(wwo)/) dw,  (9.39)
260h? Jio—Awy2 (w —wo)/2

where we used eqns 9.32 and 9.38 to substitute for Qg and 5(2), respect-
ively. We now make the approximation that the spectral line is sharp
compared to the broad-band spectrum of the lamp, so that u(w) does
not vary significantly within the integral. This allows us to replace u(w)
by a constant value u(wyp), and thus to evaluate the integral. The limiting
value for tAw — o0 is u(wg)2nt. Hence we finally obtain:

T
lea(t)|? = s 13y u(wo) t, (9.40)

(9.35)

175
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Note that the energy density can be
defined either in terms of the frequency
v or the angular frequency w, with the
two values differing by a factor 2. Two
different Einstein B coefficients BY,
and B{, can be defined accordingly,
with BYy = B{,/27. See eqn 9.43.

which is a much more satisfactory result because it implies that the
probability that the atom is in the upper level increases linearly with
time.

We can now relate eqn 9.40 to the Einstein B coefficient defined by:

dN.
dTZ = B%u(wo) Ny, (9.41)

which implies that the transition probability per unit time per atom is
B{yu(wo). In the analysis leading up to eqn 9.33, we assumed that the
atomic dipole moment was aligned parallel to the polarization vector of
the light. However, in a gas of atoms, the direction of the atomic dipoles
will be random. If the angle between the polarization and a particular
dipole is 6, then we need to take the average of (12 cos®)? for all the
atoms in the gas. On using (cos? §) = 1/3, we then replace u2, by u2,/3
throughout to obtain the transition probability rate Wis:

2
w Co ™
Wis = B u(wo) = | t| = go (). (9.42)
which finally gives:

T 9

= 7360712 K125
1

BY, = ——12,. 4
12 Geoh? K12 (9.43)

This shows that the weak-field limit is equivalent to the Einstein analysis,
and allows us to calculate explicit values of the B coefficient from the
atomic wave functions.

Example 9.1 Calculate the Einstein B coefficient B{} for the 1s — 2p
atomic transition in hydrogen for light polarized along the z-axis.

Solution

For light polarized along the z-axis the selection rules permit Am = 0
transitions only. (See Section 4.3.) Hence we are considering the transi-
tion between two hydrogenic states with quantum numbers (n, [, m;) of
(1,0,0) and (2,1,0), respectively. The initial and final wave functions are

therefore:
1 1 3/2
0 = — | — —r/ag
(0.0 =—= () el
5/2
o (1,0, P) = % (2(110> rcos e /20,
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where a is the Bohr radius. In analogy to eqn 9.29, the transition dipole
moment p12 for z-polarized light is given by:

Hi2 = —€/¢T2¢2 d®r

0o T 2w
:—e/ / Y} 1 cosfahy 72 sin @ dr df do
r=0 J6=0 J $p=0

128v/2

T T3 ‘Mo

=-6.32x 1073 Cm.

We then obtain BY, = 4.25 x 102 m3rad J=!s~2 on substituting into
eqn 9.43.

9.5 The strong-field limit: Rabi
oscillations

9.5.1 Basic concepts

In the previous section we assumed that the light field was weak so that
the population of the excited state was always small and the approxi-
mation ¢1(t) &~ 1 was valid for all ¢. This allowed us to find a simple
solution to eqn 9.33. We now wish to return to the more general case
in which the population of the upper level is significant. It is intuitively
obvious that this condition applies when the light—atom interaction is
strong. In other words, we are dealing with the case of strong electric
fields, such as those found in powerful laser beams.

In order to find a solution to eqn 9.33 in the strong-field limit we make
two simplifications. First, we apply the rotating wave approximation to
neglect the terms that oscillate at &(w + wyp), as in the previous section.
Second, we only consider the case of exact resonance with dw = 0. With
these simplifications, eqn 9.33 reduces to:

éa(t) = %QRCQ(t),

ea(t) = %Qm(t). (9.44)

We differentiate the first line and substitute from the second to find:
i i 2
61 = 591{&2 = (QQR> Cy. (945)
We thus obtain

Q 2
61 + (R> Cc1 = 0, (946)

The mathematics of  non-exact
resonance is more complicated, and is
considered in Exercise 9.5.
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See 1. I. Rabi, Phys. Rev. 51,
652 (1937). Rabi’s original deriva-
tion applied to oscillating electromag-
netic fields tuned to resonance with
the Zeeman-split levels of a spin-1/2
nucleus. The RF field tips the spin
vector from down to up and then
back to down again, a process entirely
equivalent to the Rabi flopping consid-
ered here. Rabi’s work was the precur-
sor to modern NMR techniques, and
its importance was recognized by the
awarding of the Nobel Prize for Physics
in 1944. A brief discussion of the phe-
nomenon of NMR may be found in
Appendix E.
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Fig. 9.4 Probability for finding the atom in either the upper or lower level in the
strong-field limit in the absence of damping. The electron oscillates back and forth
between the two levels at the Rabi angular frequency, Qr. This phenomenon is either
called Rabi flopping or Rabi oscillation.

which describes oscillatory motion at angular frequency Qg /2. If the
particle is in the lower level at ¢ = 0 so that ¢1(0) = 1 and ¢2(0) = 0,
the solution is:

c1(t) = cos (Qrt/2),

co(t) = isin (Qrt/2). (9.47)

The probabilities for finding the electron in the upper or lower levels are
then given by:

le1(1)]? = cos? (Qrt/2),

|ca(t)]? = sin® (Qrt/2). (9.48)

The time dependence of these probabilities is shown in Fig. 9.4. At
t = m/Qgr the electron is in the upper level, whereas at t = 27/Qg it
is back in the lower level. The process then repeats itself with a period
equal to 27 /Qg. The electron thus oscillates back and forth between the
lower and upper levels at a frequency equal to Qg /27. This oscillatory
behaviour in response to the strong-field is called Rabi oscillation or
Rabi flopping.

When the light is not exactly resonant with the transition, it can be
shown that the second line of eqn 9.48 is modified to (see Exercise 9.5):

0%
lea(t)])? = (TP; sin? (Qt/2), (9.49)
where
0% = QF + 6w?, (9.50)

dw being the detuning. This shows that the frequency of the Rabi oscil-
lations increases but their amplitude decreases as the light is tuned away
from resonance.

For transitions in the visible-frequency range, the experimental obser-
vation of Rabi flopping requires powerful laser beams. In many cases,
these lasers will be pulsed, so that the electric field amplitude £y varies
with time. Equation 9.32 then tells us that the Rabi frequency Qg /27
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also varies with time, and so it is useful to define the pulse area ©
according to:

H12 e
o- T/ Eo(t)dt‘. (9.51)

— 00

The pulse area is a dimensionless parameter which is determined by the
pulse energy and serves the same purpose as gt in the analysis above.
A pulse which has an area equal to 7 is called a r-pulse. An atom in the
ground state with ¢; = 1 at ¢ = 0 will thus be promoted to the excited
state with co = 1 by a m-pulse, but will end up back in the ground state
if it interacts with a 2m-pulse. We shall see in Section 9.6 that the pulse
area can be given a geometric interpretation in terms of rotation angles
of the Bloch vector.

The startling oscillatory behaviour predicted by eqn 9.48 has been
observed in many systems, as will be discussed in Section 9.5.3. The
following example illustrates the time-scales involved in Rabi flopping
processes, and introduces the importance of damping effects, which are
considered next.

Example 9.2 A powerful beam of light is incident on a gas of
monatomic hydrogen and is tuned to resonance with the 1s — 2p
transition at 137 nm.

(a) Calculate the Rabi oscillation period when the optical intensity is
10 kW m~2 and the light is polarized in the z-direction.

(b) Calculate the optical intensity required to make the Rabi oscillation
period equal to the radiative lifetime of the 2p level, namely 1.6 ns.

Solution

(a) The atomic dipole moment for this transition was calculated in
Example 9.1 to be —0.74eap = —6.32 x 1073 Cm. The intensity
of a light beam is related to its electric field amplitude according to
(see eqn 2.28):

1
I= §ceon53, (9.52)

where n is the refractive index of the medium. In a gas we may take
n ~ 1, and so we find & = 2.7 x 102> Vm™!. On substituting into
eqn 9.32, we find the Rabi frequency:

Qr = | —6.32 x 1073° x 2.7 x 10* /|
=1.6 x 10%rads™ .

Hence the Rabi flopping period is equal to 27/ = 38 ns.

(b) A Rabi oscillation period of 1.6 ns corresponds to Qr =3.9 x 10°
rads~!. From eqn 9.32 we calculate & = 6.5 x 10* Vm™!, and
hence from eqn 9.52 we find I = 5.7 MW m~2.
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9.5.2 Damping

Example 9.2 illustrates why it is difficult to observe Rabi oscillations
in the laboratory. At low powers, the oscillation period is longer than
the radiative lifetime, and we would expect random spontaneous emis-
sion events to destroy the coherence of the superposition states, and
hence curtail the oscillations. We thus have to work at higher powers
to shorten the Rabi flopping period, which can be difficult to achieve in
practice.

Spontaneous emission is just one example of a damping mechanism
for the Rabi oscillations. We shall now see that the consideration of
damping is very important for determining the experimental conditions
under which Rabi oscillations can be observed. Damping also provides a
way to reconcile the rather counter-intuitive phenomenon of Rabi oscil-
lations with the more familiar concept of transition rates which form the
basis of the Einstein model.

The damping processes for coherent phenomena such as Rabi flop-
ping are traditionally characterized by two time constants, 77 and
T5, following Bloch’s treatment of nuclear magnetic resonance. (See
Appendix E; Section E.3.) As will be explained in Section 9.6, these
two types of damping are sometimes called longitudinal relaxation
and transverse relaxation, respectively. In physical terms, 77 damping
is essentially determined by population decay, whereas To damping is
related to dephasing processes.

The T (longitudinal) damping processes are the simplest to under-
stand. If the atom is in the excited state, it will have a spontaneous
tendency to decay to lower levels. The decay processes occur stochas-
tically (i.e. according to probabilistic laws) and randomly break the
coherence of the electronic wave function. Hence a spontaneous decay
would permanently interrupt the Rabi flopping, which relies on the
coherence of the superposition states. The rate of these types of damping
process is governed by the lifetime 7 of the upper level, which itself is
determined by both the radiative and non-radiative decay rates:

1 1 1
e (9.53)
T TR TNR

The upper limit on Tj is thus set by the radiative lifetime g of the
excited state, which includes transitions both to the resonant lower level
and to other non-resonant levels that have been neglected so far in the
two-level atom approximation.

The T, (transverse) damping processes are more subtle to understand.
It will frequently be the case that an atom in the excited state undergoes
an elastic (i.e. energy conserving) or near-elastic collision which breaks
the phase of the wave function without altering the population of the
excited state. These scattering processes can occur by a number of dif-
ferent mechanisms. In a gas, collisions can occur between the atoms or
with the walls of the vessel, whereas in a solid there can be interac-
tions with impurities or lattice vibrations (phonons). By randomizing
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the phase of the wave function, the collisions destroy any effects such as
Rabi flopping which rely on phase coherence.

It is thus apparent that dephasing can occur by two distinct mechan-
isms: population decay and population-conserving scattering processes.
We can therefore write the total dephasing rate, in the presence of both
types of decoherence mechanisms, as:

1 1

o Ty
The first term on the right-hand side accounts for dephasing by popu-
lation decay, while the second accounts for dephasing by population-
conserving scattering. The latter process is sometimes called ‘pure
dephasing’ to distinguish it from the dephasing caused by population
decay.

It will often be the case, especially in solids at room temperature,
that the pure dephasing rate is much faster than the population decay
rate (i.e. Ty < T1), and so the decoherence is governed primarily by
scattering processes. On the other hand, it can sometimes be the case
that T4 > T4, so that the decoherence is then governed primarily by 77,
which itself is determined by the lifetime of the upper level.

Having considered the processes that cause dephasing in quantum
systems, we can now study the detailed effects of damping on Rabi
oscillations. It can be shown that if the damping rate is 7y, the probability
that the electron is in the upper level, namely |c2(#)|?, is given by:

(9.54)

lea () = m [1 — (cosQ’t + (4_352)1/2 sinQ’t) exp (-?)}
(9.55)
where
§£=7/Qr,
Q' =Qpy1-¢/4. (9.56)

It is easily verified that this formula reduces to the undamped case given
in eqn 9.48 when v = 0.

Figure 9.5 shows graphs of |ca(t)|* from eqn 9.55 for three different
values of the damping constant. The dotted line shows the undamped
case with v = 0 considered previously in Section 9.5.1. The two other
graphs correspond to light damping (/g = 0.1) and strong damping
(v/Qr = 1), respectively. Let us consider the case of light damping first.
The electron performs a few damped oscillations and then approaches
the asymptotic limit with |c1]? = |ca|? = 1/2. This asymptotic limit is
exactly the behaviour we would have expected from the Einstein ana-
lysis of a pure two-level system in the strong-field limit. At high optical
power levels the spontaneous emission rate is negligible and the rates
of stimulated emission and absorption eventually equal out, leading to
identical upper and lower level populations. (See Exercise 9.6.)

Now consider the behaviour for strong damping. This is effectively
equivalent to the weak-field limit, because we can always make v/Qr

| 2
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See Allen and Eberly (1975, eqn 3.29),
with A = 0 and b = 1/T%. The value
of T} in eqn 9.54 differs from Allen and
Eberly’s by a factor of two. This change
of notation has been made so that, in
the limit, T < T1, we obtain T = T}
rather than Th = 275.

Pure dephasing processes can usu-
ally be suppressed, to a greater or
lesser extent, by cooling the system
to very low temperatures. Such tech-
niques are important for applications
that require long coherence times, for
example, quantum computation: see
Section 13.4.

See, for example, Loudon (2000, § 2.8).
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Fig. 9.5 Damped Rabi oscillations for
two values of the ratio of the damping
rate 7 to the Rabi oscillation frequency
QR. The dotted curve shows the oscil-
lations when no damping is present.

3 v/ Qr=0.1
v/ Qr=1

o
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large by turning down the electric field of the light beam. (See eqn 9.32.)
No oscillations are observed, and the asymptotic value of |cz|? for very
large damping rates (i.e. £ > 1) is given by:

M%QE(Q)
4h2~42"
This is consistent with our previous analysis of the weak-field limit,
where we found that the transition probability is proportional to the
square of both the dipole moment and the electric field (see eqn 9.40,
and recall that u(wp) oc £;.) The time independence of eqn 9.57 com-
pared to eqn 9.40 can be explained by the fact that the former is an
asymptotic limit with damping included. In fact, if we solve for the
asymptotic populations in the Einstein analysis, we find that N is also
independent of time, with No/Ny — B, g, (wo)/A21, where w,, is the
energy density of the radiation and g, (w) is the spectral lineshape func-
tion. (See Exercise 9.6.) The appearance of As; in the denominator of
the asymptotic limit explains one of the factors of v in the denomina-
tor of eqn 9.57, since the damping rate would just be proportional to
a 1= Ay, for an isolated two-level system. The other factor of v comes
from the fact that the radiative lifetime also causes line broadening.

This simple discussion shows how the inclusion of damping allows us
to understand the evolution of the behaviour as the electric field strength
is increased. At low fields, we are in the strongly damped regime where
there are discrete transitions and the Einstein analysis is valid. As the
field is increased, the ratio of the damping rate to the Rabi frequency
decreases, and we can eventually reach the case where the oscillations
are observable.

leaf?® = £72/4 = O [4y* =

(9.57)

9.5.3 Experimental observations of Rabi oscillations

It is apparent from Fig. 9.5 that Rabi oscillations are strongly damped
except when

In gases, the damping rate depends on the collision rate and the radiative
lifetime, which gives typical values of «y for optical-frequency transitions

in the range 107-10° s~*. In solids the dephasing times are often shorter
due to phonon scattering and scattering by free charge carriers, and y
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can be as high as 10'2 s~!. These high damping rates make the task
of demonstrating Rabi oscillations somewhat difficult, which explains
why they are not routinely observed. The observation of the oscillations
in the time domain requires a time resolution shorter than 1/Qg, while
the short Rabi oscillation periods demanded by eqn 9.58 require large
electric field amplitudes. These conditions are usually satisfied by using
high-power pulsed lasers with pulse durations shorter than 1.

The first experimental evidence of Rabi oscillations was of an indirect
nature and came from the observation of self-induced transparency
by McCall and Hahn in 1969. They realized that if the pulse area defined
in eqn 9.51 is equal to 27, then the atoms are left in the ground state
at the end of the pulse. This implies that there is no net absorption,
and so a medium that absorbs strongly at low powers would become
transparent to a 2w-pulse: hence the name ‘self-induced transparency’.
The condition to observe the phenomenon is that the pulse duration
should be shorter than the damping time, and that the pulse area should
be equal to an integer multiple of 2. McCall and Hahn performed their
experiments on the absorption of a ruby crystal excited resonantly with
nanosecond pulses from a ruby laser. The ruby crystal was held at 4.2 K
in a liquid helium cryostat to suppress damping by phonon scattering.
They confirmed that the crystal did indeed become more transparent as
the pulse area (determined by the energy of the pulse) approached 2,
although some deviations from the simple theory were observed due to
the non-plane-wave nature of the laser beam.

The first direct evidence of Rabi oscillations came from experiments
performed in the 1970s. In 1972—-3 Gibbs reported on the fluorescence
emitted by Rb atoms excited resonantly by short pulses from a mercury
laser. By placing the Rb atoms in a superconducting magnet, one of the
hyperfine components of the My = —1/2 — +1/2 line of the 5 ?S; /5 —
5 2P1/2 transition with a dipole moment of 1.45 x 1072 Cm could
be tuned to resonance with the laser by the Zeeman effect, as shown in
Fig. 9.6(a). The upper level could decay either to the +1/2 or —1/2 levels
of the 5s state, with radiative lifetimes of 42 and 84 ns, respectively. This
gave a total radiative lifetime of (1/42 + 1/84)~! = 28 ns. With a low
density of atoms to prevent dephasing by collisions, the right conditions
to observe Rabi flopping were present for pulses significantly shorter than
28 ns. The oscillations were then detected by measuring the fluorescence
from the upper level as a function of the pulse area ©.

The results of the experiment are shown in Fig. 9.6(b). The laser oper-
ated at 794.466 nm and produced pulses of 7 ns duration. The actual
signal recorded was the integrated fluorescence count rate for the time
window from 22 to 72 ns after the pulse arrived. This was done to ensure
that only incoherent spontaneous emission events occurring after the
completion of the pulse were recorded, and was achieved by electronic
gating of the photomultiplier used to detect the fluorescence. The fluo-
rescence signal showed a clear oscillatory behaviour as a function of the
pulse area. When the pulse area was equal to odd integer multiples of
7w (i.e. © = 7,3m,...), the atoms ended up in the excited state at the

See S. L. McCall and E. L. Hahn, Phys.
Rev. 183, 457 (1969).

See H. M. Gibbs, Phys. Rev. Lett. 29,
459 (1972) and Phys. Rev. A 8, 446
(1973).

The fine structure doublet for transi-
tions from the first excited state to
the ground state of an alkali atom are
often called the D lines. The D; and
D3 lines originate from the 2P1/2 and
2P3/2 levels respectively. See Fig. 3.3.
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See B. R. Mollow, Phys. Rev. 188, 1969
(1969).
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Fig. 9.6 (a) Simplified energy level scheme for the 5s — 5p D;p transition in Rb
at zero field and at B = 7.45 T. The wavelength of the transition at B = 0 is
794.764 nm, and a field of 7.45 T generated by a superconducting magnet tuned the
(My = —1/2 — 41/2) transition to resonance with a mercury laser at 794.466 nm by
the Zeeman effect. The upper level can decay spontaneously by the two transitions
indicated. (b) Experimental data for the fluorescence intensity from the upper level as
a function of pump pulse area, using pulses with a FWHM of 7 ns. The fluorescence
signal was integrated from 22 to 72 ns after the pulse arrived at ¢ = 0. The solid line is
a theoretical fit to the data which includes losses to other levels and also the effects of
a weak tail in the laser pulses which persisted to ~30 ns. (After H. M. Gibbs, Phys.
Rev. Lett. 29, 459 (1972) and Phys. Rev. A 8, 446 (1973), © American Physical
Society, reproduced with permission.)

completion of the pulse, and then decayed to the ground state by spon-
taneous emission, thus producing a strong fluorescence signal. On the
other hand, when the pulse area was equal to even integer multiples of 7
(i.e. © = 27, 4m,...), the atoms were in the ground state at the comple-
tion of the pulse, and no fluorescence occurred. These trends were well
reproduced in the data. The fluorescence signal did not fall to exactly
zero at © = 27 and 47 because of loss to the lower M; = +1/2 level
during the pump pulse and also due to coherent emission caused by a
weak tail in the pump pulses which persisted to ~30 ns. The solid line in
Fig. 9.6(b) shows the results of a theoretical model with the loss mech-
anism and pulse tail effects included. It is apparent that the fit to the
data is excellent, thus confirming the presence of the Rabi oscillations
in the Rb atoms.

Another important confirmation of the Rabi flopping process was the
observation of Mollow triplets. This phenomenon, which was first
considered theoretically by B. F. Mollow in 1969, is the frequency-
space equivalent of the Rabi oscillations in the time domain. Mollow
demonstrated that the coherent oscillatory motion of the electrons in
the strong-field limit would beat with the fundamental transition angu-
lar frequency wy and produce side bands in the emission spectrum at
wp £ Qr. Hence the fluorescence spectrum would split into a triplet with
components at angular frequencies of (wg —QR), wo, and (wo+QR). Sev-
eral research groups confirmed this behaviour in the 1970s. The lower
part of Fig. 9.7(a) shows the fluorescence spectrum measured for one
of the hyperfine components of the sodium Dy (3 281/2 — 3 2P3/2)
line when the atoms are excited resonantly by intense laser light at the
transition frequency. The laser light was provided by a continuous wave
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Fig. 9.7 (a) Fluorescence spectrum for one of the hyperfine components of the
sodium Dy line when excited resonantly with intense light from a dye laser. The
optical intensity was 6400 Wm~2, and the wavelength was 589.0 nm. The lower
part of the figure shows the experimental spectrum, while the upper part shows the
theoretical spectrum calculated for a Rabi frequency Qr = 27 x 78 MHz. (After
R. E. Grove, F. Y. Wu, and S. Ezekiel, Phys. Rev. A 15, 227 (1977), (© American
Physical Society, reproduced with permission.) (b) Explanation of the Mollow triplet
spectrum shown in part (a) using the dressed atom picture. The AC Stark inter-
action between a two-level atom and an intense resonant light field splits the bare
atom states into doublets separated by the Rabi frequency Qg. This leads to three
emission lines at angular frequencies of wg and wg = QR.

dye laser operating at 589.0 nm and the intensity was 6400 Wm™2.
Two peaks on either side of the central peak are clearly observed. The
top part of the figure shows the theoretical spectrum calculated for a
value of Qg /27 = 78 MHz. The excellent agreement between theory and
experiment is apparent.

Figure 9.7(b) indicates a way to interpret the Rabi oscillation phe-
nomenon in terms of dressed atoms. In this picture we consider the
states of the coupled resonant light—atom system rather than those of
the unperturbed atom. The states of the ‘bare’ atom are ‘dressed’ by
the intense resonant optical field through the AC Stark effect (also
called the dynamic Stark effect). The Stark effect describes the shift
of the levels of an atom in a DC electric field, and the AC Stark effect is
the equivalent process for the AC electric field of a light wave. It can be
shown that the AC Stark effect splits the bare atom states into doublets
separated by the Rabi frequency (g, as shown in Fig. 9.7(b). Hence the
emission spectrum of the dressed atom consists of three lines equivalent
to the Mollow triplet spectrum shown in Fig. 9.7(a).

There have been many further demonstrations of Rabi-flopping phe-
nomena in the years following these initial experiments. Some of the
most interesting recent observations have involved semiconductor quan-
tum dot structures. (See Section D.3 in Appendix D.) Figure 9.8 shows
the results for InAs quantum dots embedded within a GaAs photodiode.
Figure 9.8(a) shows a schematic diagram of the device used in this experi-
ment. Masks patterned onto the surface allowed individual quantum dots
to be excited by short pulses from a mode-locked Ti:sapphire laser. The
Rabi oscillations were induced by tuning the laser to the lowest energy
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Fig. 9.8 (a) Schematic diagram of the quantum dot photodiode used to demonstrate
Rabi oscillations. The device consisted of InAs quantum dots embedded within a
GaAs n-i-Schottky diode structure. The device was biassed by an external DC power
supply which applied a strong DC electric field to the quantum dots. Free electrons
and holes excited in the quantum dots by absorption of laser light tunnel into the
GaAs regions under the influence of the DC field and are then swept to the con-
tacts to generate a photocurrent in the external circuit. A mask on the top of the
device allowed individual quantum dots to be addressed by the laser beam. (b) Pho-
tocurrent measured when exciting the lowest energy transition of the quantum dots
resonantly with 1 ps pulses from a Ti:sapphire laser at 1.31 eV. The excitation ampli-
tude has been scaled so that an amplitude of unity corresponds to a w-pulse. (After
A. Zrenner et al., Nature 418, 612 (2002), © Nature Publishing Group, reproduced
with permission.)

transition of the quantum dot at 1.31 eV. This transition corresponds
to the excitation of an electron from the valence band to the conduction
band, and has a dipole moment of ~8 x 1072 Cm. The experiment con-
sisted in measuring the photocurrent generated in the external circuit
as a function of the laser pulse area ©.

The results of the experiment are shown in Fig. 9.8(b). The pho-
tocurrent shows a clear oscillatory behaviour with the pulse excitation
amplitude, which has been scaled so that an amplitude of unity cor-
responds to a pulse area of w. There are peaks for pulse areas of
and 3w, and a minimum for ©® = 27. The results may be under-
stood by considering the state of the system at the completion of the
pulse, in an analogous way to the discussion of the data in Fig. 9.6(b).
At the end of a m or 37 pulse, the quantum dots are left with one
electron in the conduction band and hence one ‘hole’ in the valence
band. These charge carriers can then tunnel out of the quantum dot
under the influence of the DC electric field of the photodiode and pro-
duce a photocurrent in the external circuit. On the other hand, after
a 27 pulse the electron is back in the valence band and there are no
free electrons and holes to generate a current. This is exactly what is
observed.

The Rabi oscillations shown in Fig. 9.8(b) are partly damped by rapid
dephasing processes. The main source of dephasing was the loss of elec-
trons and holes due to tunnelling out of the quantum dots. This process
is unavoidable, since it is an integral part of the mechanism to gener-
ate the photocurrent used to detect the Rabi oscillations. The estimated
tunnelling time was =10 ps, and it was for this reason that very short
pulses with a duration of only 1 ps had to be used in the experiment.



These very short time-scales highlight the difficulty in observing coherent
phenomena like Rabi oscillations in the solid state.

9.6 The Bloch sphere

An arbitrary superposition state of a two-level system will have a wave
function of the form given by eqn 9.2, namely:

) = c1[1) + c2[2). (9.59)
The normalization condition on the wave function requires that:
e + [ea]® = 1, (9.60)

which suggests that we can represent the state by a vector of unit length
starting at the origin. This geometric interpretation of coherent super-
position states is called the Bloch representation. The vector that
describes the state is called the Bloch vector, and the sphere it defines
is the Bloch sphere.

The Bloch representation was originally developed by Felix Bloch in
1946 to model NMR phenomena, and was first adapted to two-level
atoms by Feynman et al. in 1957. The equivalence between two-level
atoms and Zeeman-split nuclear spin states was noted previously in
Section 9.2.1 (see Fig. 9.3) and allows us to share analytic tools such
as the Bloch representation between the two subjects. Readers who are
unfamiliar with NMR phenomena may therefore find it helpful to refer
to Appendix E which gives a summary of the main effects.

The direction of the Bloch vector can be specified either in Cartesian
coordinates (x,y, z) or spherical polar coordinates (7,6, @), with

x = 7sinf cos g,
y = rsinfsin g, (9.61)

z=rcosb,

as illustrated in Fig. 9.9. The requirement that the vector has unit length
is satisfied when

=@+t 2 =1 (9.62)

We therefore need only two independent variables to define an arbitrary
state on the Bloch sphere, for example the angles (6, ¢). This allows us
to make a unique mapping between the wave function amplitudes (cq, ¢2)
and the direction of the Bloch vector.

The connection between the Bloch vector and the wave function may
be made by defining the bottom and top of the sphere to correspond
to the |1) and |2) states respectively, as shown in Fig. 9.9. The ground
state with ) = |1) thus corresponds to (0,0,—1) in Cartesian coordi-
nates or § = 7 in polar coordinates. Similarly, the pure excited state |2)
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See R. P. Feynman, et al. J. Appl. Phys.
28, 49 (1957).

1y

Fig. 9.9 The Bloch sphere. Coherent
superposition states lie on the surface
of the sphere, with their state defined
by the angles (6, ¢) through eqn 9.64.

The choice of assigning the north and
south poles of the Bloch sphere, respec-
tively, to the upper and lower level is
arbitrary. The analysis works equally
well the other way round.
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Fig. 9.10 Damping processes in the
Bloch representation: (a) transverse
(T4) and (b) longitudinal (71) relaxa-
tion. T2’ processes conserve z but T}
processes do not. In part (a) we are
assuming that 75 < Ti. Slower T
processes will eventually cause the
excited state population to decay and
the Bloch vector to return to the
ground state with § = m. Note that the
Bloch vector of the relaxed state is
only meaningful for the entire ensemble
rather than for individual atoms. Note
also that longitudinal decay inevitably
causes transverse relaxation as well.

corresponds to the point (0,0,1) or § = 0. An arbitrary state is given in
Cartesian coordinates as:

x = 2Re(c1c2),

y = 2Im(cicz), (9.63)
2 =lea)® = |er |
In polar coordinates this simplifies to (see Exercise 9.9):
¢1 = sin(0/2),
e = e'? cos(0/2). (9.64)

This one-to-one mapping allows us to visualize an arbitrary superposi-
tion state of a two-level atom in a geometric way, which is very useful
when considering the resonant interaction with an intense optical field.

It is instructive to compare superposition states with statistical mix-
tures in the Bloch representation. It is apparent that we can apply the
Bloch model to individual atoms for the case of superposition states,
but not for statistical mixtures. In the latter case the individual atoms
are either in level 1 or in level 2, and it is only meaningful to calculate
the Bloch vector for the whole ensemble. Furthermore, in a statistical
mixture we have {cjc3) = 0 for every atom, which implies from eqn 9.63
that x = y = 0. Statistical mixtures thus correspond to points inside the
Bloch sphere on the z-axis. Apart from the ground state with |c;|? = 1,
statistical mixtures therefore have r < 1, in contrast to superposition
states, which are always on the surface of the sphere with » = 1.

In Section 9.5.2 we discussed the damping processes which destroy
coherence and reduce superposition states to statistical mixtures. Since
statistical mixtures have r < 1, damping processes do not conserve the
modulus of the Bloch vector. Figure 9.10 illustrates the two different
types of damping that can occur. Figure 9.10(a) illustrates the effect
of damping by pure dephasing (T3) processes. Such processes break
the coherence without altering the populations, and they therefore cor-
respond to scattering from the surface of the sphere towards the centre
at constant z (cf. eqn 9.63). Figure 9.10(b) illustrates the contrasting
effect of damping by population decay (77) processes. Since these affect
the relative populations, they alter z as well.

The fact that pure dephasing (7T3) processes conserve z whereas
population decay (T3) processes do not explains why they are called
transverse and longitudinal relaxation, respectively. Note, however, that
Fig. 9.10(b) clearly illustrates the point that longitudinal relaxation
simultaneously produces transverse relaxation, even in the absence
of pure dephasing processes. This is why the total dephasing rate
in eqn 9.54 contains contributions from both pure dephasing and
population decay processes.

Up to this point we have been neglecting the explicit time depend-
ence of the wave functions. The two-level atom has an intrinsic angular
frequency of wp, and in making the transformation to the Bloch repres-
entation, we find that the Bloch vector rotates at a constant angular



frequency of wg around the z-axis. It is therefore convenient to make a
coordinate transformation to a rotating frame so that the Bloch vector
is stationary.

Let us now consider the interaction of the Bloch vector with resonant
optical pulses at angular frequency w. As demonstrated in eqn 9.33, the
light field produces interaction terms at frequencies of (w—wy) and (w+
wp). In the rotating frame, the term at (w—wy) causes a slow precession
of the Bloch vector at the difference frequency, and is stationary at
exact resonance. By contrast, the term at (w + wg) causes a very rapid
precession at ~2wp, and can be neglected because of its highly non-
resonant nature. This is why we described the neglect of the terms at
(w+ wp) as the ‘rotating wave approximation’.

The application of a short resonant pulse can be considered as a
coherent operation on the Bloch vector. If the pulse duration is
shorter than the damping time, the coherence of the wave function will
be retained and the modulus of the Bloch vector conserved. Hence the
pulse will only change the direction of the Bloch vector without altering
its length. This means that the pulse acts as a rotation operator. We
showed previously that a m-pulse can convert a system in the ground
state |1) to the excited state |2), and vice versa. This corresponds to a
change of # by 7 radians, and explains the origin of the name ‘mw-pulse’.
In general, it can be shown that the rotation angle is equal to the pulse
area defined in eqn 9.51. Hence a m/2-pulse causes a rotation of /2
radians, while a 27-pulse causes a rotation of 27 radians, leaving the
system unchanged. The Bloch vector can thus be manipulated at will
by a sequence of resonant pulses of well-defined amplitude and relative
phase.

Let us consider the effect of a sequence of exactly resonant pulses at
angular frequency wg on a system that is in the ground state at ¢ = 0. The
azimuthal angles of the Bloch sphere are initially undefined, which means
that the choice of the axis of rotation for the first pulse is arbitrary. It is
therefore convenient to choose the x and y-axis directions in such a way
that the first pulse produces a rotation about, say, the y-axis, leaving
the Bloch vector somewhere in x-z plane at the end of the pulse. The
axis about which subsequent rotations take place is then determined by
the phase of the pulse relative to the first one. For example, a pulse
with a phase difference of 90° relative to the first one would rotate the
Bloch vector about an axis at 90° to the first one: that is, the —z axis.
Combinations of pulses of the appropriate area and phase can then be
used to move the Bloch vector to any particular point on the Bloch
sphere. Figure 9.11 illustrates how an initial pulse with an area of 37 /4
followed by a m/2-pulse with a relative phase of —90° moves the system
from the ground state to a point within the z-y plane with an azimuthal
angle of 7/4.

Coherent operations on the Bloch vector have been used for many
years for quantum state preparation in NMR systems. They have also
been used extensively in two-level atomic systems at optical frequencies
for the description of coherent phenomena such as photon echoes and
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See, for example, Mandel and Wolf
(1995, Chapter 15). The rotating frame
transformation is entirely analogous to
the one described in Section E.2 for
the treatment of Larmor precession in
NMR.

Fig. 9.11 The Bloch vector can be
moved to arbitrary positions on the
Bloch sphere by appropriate combina-
tions of rotations. This figure illustrates
the effect of a rotation by 37/4 about
the y-axis followed by a rotation of
/2 about the z-axis on a Bloch vector
initially in the ground state.
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superradiance. In recent years the subject has acquired new import-
ance in the practical implementation of quantum computation, both in
NMR systems and also in the atomic systems at optical frequencies. This
point will be developed further in Section 13.3.4 of Chapter 13.

Example 9.3 A pulsed laser beam is focussed to a spot of radius
1 pm on a gas of atoms with a dipole moment of 1072 Cm at the laser
frequency.

(a) Calculate the pulse energy required to rotate the Bloch vector by
m/2 radians for Gaussian pulses with a duration (FWHM) of 1 ps.

(b) If the system is initially in the ground state, find the state of the
system at the end of the pulse.

Solution

(a) The time dependence of the electric field and intensity in a Gaussian
pulse are given, respectively, by:

Eo(t) = Epear exp(—12/7%),
I(t) = Iyexp(—2t?/7?). (9.65)
We can relate 7 to the pulse width by finding the time for the
intensity to drop to half its peak value:
I(t1)2)/1o = eXP(*Qt%/z/Tz) = 0.5,
which implies ¢,/ = \/WT. Hence:

TFWHM = 2t1/2 = 2\/ 111 2/27’ = 11777’
In our example we therefore find 7 = 0.85 ps.
The pulse energy Epse is related to the intensity by:

+oo
Epuise = A/ I(t)de,

where A is the beam area. On making use of eqn 9.52 with Gaussian
pulses and refractive index n =1 we find:

1 Foo
Epulsc = iACGO/ So(t)z dt

1 oo
§Ace05§eak / exp(—2t2/7%) dt

— 00

- \/zAceogﬁeakr. (9.66)

On the other hand, the pulse area © is given from eqn 9.51 by:

H12 oo

— 00

Hi12 e 2/ 2
= 75peak/ eXp(_t /T )dt

= ﬁMIngeakT/h~
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Thus for © = 7/2, 12 = 1072° Cm and 7 = 0.85 ps we find Epeak =
11 MV m~!. On inserting into eqn 9.66 with A = 7(107%)? = 3.1 x
10712 m?, we finally find Eyuse = 0.53 pJ.

The azimuthal angle for the rotation is arbitrary and so we choose
to rotate within the ¢ = 0 plane. The state vector initially points
downwards with § = 7, and after the w/2-pulse we arrive at the
point with (0, ¢) = (7/2,0). We then find from eqn 9.64 that ¢; =
sin(7/4) = 1/v/2 and ¢y = cos(n/4) = 1/4/2. Hence the final state
of the system is:

The classic text on the theory of two-level atoms is Allen and Eberly
(1975). The subject material of the chapter is covered in greater depth
in the more advanced quantum optics texts such as Loudon (2000) or
Mandel and Wolf (1995), while Foot (2005) covers the topics at a similar
level from the perspective of atomic physics. Discussions of coherent
phenomena such as photon echoes and superradiance may be found in
nonlinear optics texts such as Yariv (1989) or Shen (1984).

Exercises

(9.1) The interaction between an atom and a light

wave of angular frequency w may be modelled
classically as a driven oscillator system. The dis-
placement of an electron in the atom by a distance
z induces a dipole equal to —ex. The displace-
ments have their own natural angular frequency
wo, which is presumed to correspond to the tran-
sition frequency. The electric field of the light
applies a force to the dipoles, and induces oscil-
lations at its own frequency. The equation of
motion for the displacement z of the electron
is thus:

A%z

d
1= + me'yd—f + mewgac = Fp coswt,

me
where me is the electron mass, v is a damping con-
stant, and Fy is the amplitude of the force applied
to the electron by the light. With the assumption
that wo > <, show that the magnitude of the
driven oscillations is a maximum when w = wg.
What is the full width at half maximum of the
resonance in angular frequency units?

(9.2)

(9.3)

(9.4)

Write down the density matrix for the following
superposition states:

(a) [2),
(b) (11) +12)/v2,
() (1/V3)1) + (v/2/3)il2).

Write down the density matrix for a gas of
two-level atoms at temperature T'.

The wave functions for hydrogenic states with
quantum numbers (n, [, m;) of (2,0,0) and (3,1,0)
are as follows:

1 r
0, p)=——o— (2— — ) e "/
v 2 4/2man3/? ( ao)

P (r,0,¢) = L{,/Q 6 — L) rcosfe /3%
81y/ma, ao

where ag is the Bohr radius. Calculate the Ein-

stein B coefficient B}5 for the 2s — 3p transition

of atomic hydrogen for light polarized along the

z-axis. Find also the Einstein A coefficient for the

reverse transition.


郑民熙
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(9.5)

(9.6)

Resonant light—atom interactions

This exercise considers the case of Rabi oscilla-
tions when the light is not exactly resonant with
the transition frequency. In the rotating wave
approximation, eqn 9.33 becomes:

é(t) = ;Q ey (1),
ealt) = %QRe_i‘sutcl ®),
where dw = w — wo.
(a) Show that:
g +ibwés + (5 /4)c2 = 0.

(b) By considering a trial solution of the form
Ce™ ¢!, show that the general solution of this
differential equation is:

c2(t) =

where (4 = (6w £Q)/2, Q% = §w? + QF, and
C+ and C_ are constants.

—i t —i¢_t
Cye '+t 4 e i1,

(c) Hence show that the initial conditions of
¢1(0) =1 and ¢2(0) = 0 imply that:
2

lea(8)]? = ?2—25111
In this exercise we investigate the behaviour of
an ideal two-level atom with Einstein coefficients
A2; and Bf, in the presence of a strong res-
onant field from a narrow bandwidth laser of
angular frequency w. The traditional Einstein
analysis discussed in Section 4.1 assumes a
broad-band radiation source and a narrow tran-
sition line, and therefore has to be modified to
account for the situation that we are consider-
ing here, namely a narrow bandwidth radiation
source.
We assume that the transition probability is
proportional to the spectral line shape func-
tion g, (w'), so that the frequency dependence of
the absorption and stimulated emission rates are
given, respectively, by:

W12( )dw _N1Blzu( )_,(w'
W21( )dw —Nnglu( )W(w'

(Qt/2).

) du’,
),
where N1 and Na are the populations of the lower
and upper levels, and u(w’) is the energy density

at frequency w’.

(a) Consider first the case of a white broad-band
source with a slowly varying energy density.

(9.7)

(9.8)

(9.9)

Show that the transition rates written above
are consistent with the traditional definitions
of the Einstein coefficients.

Now consider the case that we are interested
in, namely that the spectral width of the
laser is much smaller than the linewidth of
the transition. Following Exercise (4.1), we
write the spectral energy density as a delta
function:

w(w') = uy §(w' — w),

where wu,, is the energy density of the laser
beam in Jm~2. Show that the absorption
and stimulated emission rates are now given,
respectively, by:

Wiz = N1 Bf3uwgw(w),
Wa1 = NaB5) e gu (w).

(¢) For simplicity, we now assume that the lev-
els are non-degenerate, so that By = B3}
(see eqn 4.10). With the initial condition
N2 = 0, show that the time dependence of
the fractional population of the upper level is
given by:

N
No

B B'uy,

~ 2B'uy, + An

X [1 — exp(—(2B’ue + A21)t)],
where B’ = By gu(w).

Discuss the asymptotic behaviour for (1) very
intense fields, and (2) weak fields.

(d)

Referring to the data in Fig. 9.6(b), the transition
dipole moment was 1.45x1072° C m and the pulse
duration (FWHM) was 7 ns. On the assumption
that n =~ 1, estimate the maximum optical intens-
ity in the pulse when the fluorescence intensity
reaches its first maximum for the cases of: (a) a
‘top hat’ shaped pulse, and (b) a Gaussian pulse.
Use the data in Fig. 9.7(a) to estimate the dipole
moment of the optical transition in resonance
with the laser beam. (Assume that n ~ 1.)

Verify that eqn 9.64 is consistent with eqn 9.63.

(9.10) Find two-level superposition states that corre-

spond to the following points on the Bloch sphere
as defined by their polar angles (6, ¢):

(a) (90°,0),

(b) (90%,90°),



(9.11)

(9.12)

(9.13)

(c) (90°,180°),

(d) (90°,—90°),

(e) (60°,45°).

Find the points on the Bloch sphere correspond-

ing to the following states, quoting your answer
in Cartesian coordinates:

(a) ¥ = (V1/3)I1) + (v/2/3)12),

(b) ¥ = (v/2/3)[1) - (i/v/3)[2),

(€) ¥ = (™*1) +2))/V2.

Find the Bloch vector equivalent to an ensemble

of two-level atoms with 60% of the atoms in the
excited state and 40% in the ground state.

A pulsed laser emits Gaussian pulses with a
FWHM of 3 ps. The beam is focussed to a spot
of radius 2 wm on a quantum dot with a dipole
moment of 8 x 1072° Cm at the laser frequency.
The refractive index of the crystal containing the
quantum dot is 3.5.

(a) Calculate the pulse energy of a m-pulse.

(9.14)
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(b) If the system is initially in the state
(1/+/2)(J1)+12)), find the state of the system
at the end of the pulse if its phase is set to
rotate about the y-axis of the Bloch sphere.

A two-level atom with a transition at angular fre-
quency wo and g2 = 2X 1072 Cm s subjected to
a sequence of two resonant pulses. The first pulse
has an electric field given by £(t) = &1 cos(wot)
and a duration of 71, while the second has £(t) =
E2 cos(wot + ¢) and a duration of 72. &1 and &2
are both constant during the pulses, and the pulse
length is much shorter than the dephasing time
T. Given that the system starts in the ground
state, find the final state when:

(a) &1 = 4139 Vm,~' 7 =
6209 Vm™!, 7 =2 ns, ¢ = 0;

(b) &1 = 8278 Vm™', 71 = 10 ns, &2 =
3311 Vm™', 7 = 5 ns, ¢ = 90°;

(c) &1 = 2.759 x 10* Vm™, 71 = 0.3 ns, 2 =
5.519 x 10* Vm™!, 75 = 0.3 ns, ¢ = 45°.

1 ns, E2 =
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Fig. 10.1 A planar cavity of length
Lcay with two parallel end mirrors M1
and M2 of reflectivity R; and Ra,
respectively. The medium inside the
cavity has a refractive index n. The
cavity acts as a Fabry—Perot inter-
ferometer when light of wavelength A
is introduced through one of the end
mirrors.

See, for example, Brooker (2003), Hecht
(2002), or Yariv (1997).

Atoms in cavities

In the previous chapter we studied the resonant interaction between
photons and an atomic transition of the same frequency. The atoms
we considered were in free space and the photons originated from an
external source such as a lamp or laser beam. We now wish to re-explore
this process in more detail for the special case in which the interaction
between the photons and the atom is enhanced by placing the atom
inside a resonant cavity. This will naturally lead us into the subject of
cavity quantum electrodynamics (cavity QED). We begin our discussion
by considering the key parameters that determine the properties of the
cavity and the magnitude of the atom—cavity coupling, and then explore
the different physical effects that are observed in the limits of weak and
strong coupling to the cavity.

10.1 Optical cavities

Before studying the interaction between atoms and cavities, it is helpful
to remind ourselves of some of the basic properties of optical cavities.
We shall restrict our attention here to the simplest case, namely a planar
cavity. This will be sufficient to illustrate the chief points, and the results
can then be generalized to other types of cavity. The planar cavity is
covered in detail in most classical optics texts, and we give here only a
brief summary of the results that are relevant to our discussion.

Consider the planar cavity shown in Fig. 10.1. The cavity consists of
two plane mirrors M1 and M2, with reflectivities of R; and Rs, respect-
ively, separated by an adjustable length L,,. The space between the
mirrors is filled with a medium of refractive index n and the mirrors
are aligned parallel to each other so that light inside the cavity bounces
backwards and forwards between the mirrors. Planar cavities of the type
shown in Fig. 10.1 are frequently used in high-resolution spectroscopy,
in which case the instrument is called a Fabry—Perot interferometer.

The properties of the planar cavity can be analysed by considering the
effect of introducing light of wavelength A from one side and calculating
how much gets transmitted through to the other side. On the assumption
that there are no absorption or scattering losses within the cavity, the
transmission 7 is given by:

1

T=13 (472 /n2) sin2(¢2) (10.1)




where
4dnl
= % (10.2)
is the round-trip phase shift, and
1/4
F o ) - (10.3)

1—+vRiRs

is the finesse of the cavity. It is easy to see from eqn 10.1 that the
transmission is equal to unity whenever ¢ = 2wm, where m is an integer.
In this situation the cavity is said to be on-resonance. From eqn 10.2
we see that the resonance condition occurs when the cavity length L.,y
is equal to an integer number m of intracavity half wavelengths:

Leay = mA/2n. (10.4)

The resonance condition thus occurs when the light bouncing around
the cavity is in phase during each round trip.

Figure 10.2 shows the transmission of a lossless planar cavity with
Ri1 = Ry = 0.9, giving F = 30. The transmission is a sharply peaked
function of the round-trip phase shift ¢, with maxima at the resonance
values of ¢ = 2rm. The width of the peaks can be calculated by find-
ing the condition for 7 = 50%. In the limit of large F, this is easily
calculated from eqn 10.1 and gives

¢=2mm+n/F. (10.5)
The full width at half maximum (FWHM) is therefore equal to
A¢FWHM = 271'/.7:, (106)
which implies:
27
F=——-". 10.7
Adrpwam (10.7)

The finesse of the cavity determines the resolving power when using the
instrument for high-resolution spectroscopy.

The cavity resonance condition naturally leads to the concept of
resonant modes. These are modes of the light field that satisfy the
resonance condition and are preferentially selected by the cavity. Since
the light fields bouncing around the cavity are all in phase, the waves
interfere constructively and have much larger amplitudes than at non-
resonant frequencies. The resonant modes have intensities inside the
cavity enhanced by a factor 4/(1 — R) compared to an incoming wave,
while the out of resonance frequencies have their intensity suppressed
by a factor (1 — R). (See Exercise 10.2.) The properties of the resonant
modes play an essential part in determining the emission spectra of
lasers, and will also be very important for the discussion of the emission
properties of atoms in cavities.

The angular frequencies of the resonant modes are easily worked out
from eqn 10.4 and are given by:

(10.8)
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Fig. 10.2 Transmission of a lossless
planar cavity with mirror reflectivities
of 90%, giving a finesse F of 30. Reso-
nance occurs whenever the round-trip
phase equals 27m, where m is an
integer.

The cavity finesse is usually defined
as the ratio of the separation of adja-
cent maxima to the half width, as in
eqn 10.7.
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The cavity length is typically tuned by
moving one of the mirrors with a piezo-
electric transducer. The method used
for tuning the refractive index depends
on whether the cavity is filled with
a gas or a solid. In the former case,
the refractive index can be controlled
through the gas pressure, and in the
latter, by heating the cavity and using
the temperature dependence of n.

The mode frequencies can be tuned either by changing L¢,, or n. Since
the mode frequency is proportional to the phase, we can use eqn 10.7 to
relate the spectral width Aw of the resonant modes to the properties of
the cavity:

Aw Agpwam 1
= = = 10.9
Wi — Win—1 2m F’ (10.9)
giving:
e
Aw=——. 10.10
s NF Leay ( )

This shows that cavities with high finesse values have sharp resonant
modes.

The final quantity that we need to consider is the photon lifetime
Teay inside the cavity. Consider a light source at the centre of a sym-
metric, high-finesse cavity with Ry = Rs = R = 1. We suppose that the
source emits a short pulse of light containing N photons into the cavity
mode at time ¢ = 0 as shown in Fig. 10.3. We assume that the fractional
photon number change at each reflection is small due to the high reflec-
tivity of the mirrors. After a time ¢t = nlcay/c, the pulse will have gone
around half the cavity, and the photon number will be equal to RN. At
t = 2nLcay/c, the pulse will have completed a round trip and the pho-
ton number will be equal to R?2N. This process continues until all the
photons are lost from the cavity. On average, we lose AN = (1 — R)N
photons in a time equal to nLc,y,/c. We can therefore write:

dN AN c¢(l1—-R)

bk I — N
dt nLcaV/C nLcav ’

(10.11)

which has solution N = Ny exp(—t/7cav), where the photon lifetime is
given by:

nLCaV
cav — . 10.12
Teav = L1 - R) (10.12)
It is helpful to define the photon decay rate (k) as:
1
= 10.13
" Tcav ( )
g N —> g —> (1-R)N
(I-RN<— Y — <— RN<—<"}
[~>—> rR2N—> — | — (1-RN
# <« oF
/ . v
% : %
R Lcav R

Fig. 10.3 Decay of the cavity photon number following emission from a pulsed source
at the centre of the cavity at t = 0. The mirror reflectivities are assumed to be high,
so that the fractional loss per round trip is small.



We can then combine eqns 10.3, 10.10, and 10.12 with R ~ 1 to find:

Aw = (Teay) ! = k. (10.14)

This shows that the width of the resonant modes is controlled by the
photon loss rate in the cavity, in exactly the same way that the natu-
ral width of an atomic emission line is controlled by the spontaneous
emission rate (cf. eqn 4.30).

The analysis of the linear cavity shows that there are basically two
key parameters that determine the main properties, namely the reso-
nant mode frequency w,,, and the cavity finesse F. The latter parameter
controls both the mode width Aw and the cavity loss rate . In dealing
with other types of cavity it is helpful to introduce the quality factor
(@) of the cavity, defined by:

w
@= Aw’
This serves the equivalent purpose for a general cavity as the finesse
does for the planar cavity. It is thus convenient to specify the properties
of a cavity either by the frequency and finesse, or equivalently by the
frequency and quality factor.

(10.15)

10.2 Atom-—cavity coupling

Having reminded ourselves of the relevant properties of optical cavities,
we can now start to discuss the interaction between the light inside a
cavity and an atom, as shown schematically in Fig. 10.4. We assume that
the atom is inserted in such a way that it can absorb photons from the
cavity modes and also emit photons into the cavity by radiative emission.
We are particularly interested in the case where the transition frequency
of the atom coincides with one of the resonant modes of the cavity. In
these circumstances, we can expect that the interaction between the
atom and the light field will be strongly affected, since the atom and
cavity can exchange photons in a resonant way.

The transition frequencies of the atom are determined by its internal
structure and are taken as fixed in this analysis. The resonance condition
is then achieved by tuning the cavity so that the frequency of one of the
cavity modes coincides with that of the transition. At resonance we find
that the relative strength of the atom—cavity interaction is determined
by three parameters:

e the photon decay rate of the cavity &,

e the non-resonant decay rate ~,

e the atom—photon coupling parameter gg.

These three parameters each define a characteristic time-scale for the
dynamics of the atom—photon system. The interaction is said to be in

the strong coupling limit when go > (k, ), where (k, ) represents the
larger of k and 7. Conversely, we have weak coupling when gy < (k,7).
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V°(:i %
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Fig. 10.4 A two-level atom in a reso-
nant cavity with modal volume V4. The
cavity is described by three parame-
ters: go, K, and - which, respectively
quantify the atom—cavity coupling, the
photon decay rate from the cavity, and
the non-resonant decay rate. Note that
the cavity in Fig. 10.4 is drawn with
concave mirrors rather than plane ones.
If the cavity only had plane mirrors,
then off-axis photons emitted by the
atom would never re-interact with it.
The use of concave mirrors reduces this
problem.
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See Sections 9.5.2 and 9.6 for explana-
tions of the terms ‘transverse’ and ‘lon-
gitudinal’ decay rates. The factor of
two difference between the rates in
eqn 10.17 comes from eqn 9.54 with the
pure dephasing rate equal to zero, as
appropriate for an isolated atom. The
factor of (1 — AQ/47) accounts for the
fraction of the photons generated by
spontaneous emission that are emitted
at angles so that they are lost from the
cavity.

In the strong coupling limit, the atom—photon interaction is faster than
the irreversible processes due to loss of photons out of the cavity mode.
This makes the emission of the photon a reversible process in which the
photon is re-absorbed by the atom before it is lost from the cavity. In the
weak coupling limit, by contrast, the emission of the photon by the atom
is an irreversible process, as in normal free-space spontaneous emission,
but the emission rate is affected by the cavity. To proceed further we
therefore need to consider the relative magnitudes of k, v, and gg.

We start with the cavity photon decay rate x. The photon decay rate
was defined in eqn 10.13, and is governed by the properties of the cavity
that determine its quality factor . This can be seen from eqns 10.14
and 10.15, which show that & is related to @ by:

k=w/Q. (10.16)

Hence high @ values mean relatively small photon decay rates. In prac-
tice, very high @ factors are required before any of the interesting effects
described in this chapter are observed.

The non-resonant decay rate - is determined by several factors. The
atom could emit a photon of the resonant frequency in a direction that
does not coincide with the cavity mode, for example, sideways, as sug-
gested by Fig. 10.4. Alternatively, the atom could decay to other levels,
emitting a photon of a different frequency that is not in resonance with
the cavity. Yet again, the atom in the excited state could be scattered
to other states and perhaps decay without emission of a photon at all.
The first of these processes is a property of the cavity. The second is
determined by the internal dynamics of the atom, and represents a
breakdown of the two-level atom approximation. The final process is
connected with the same sort of scattering events that cause dephasing.
(See Section 9.5.2.)

For the case of radiative decay to non-resonant photon modes, we can
set v equal to the transverse dephasing rate:

where | is the longitudinal decay rate given by:
Y = A21(1 — AQ/4n), (10.18)

Ay being the Einstein A coefficient for spontaneous emission into free
space, and A the solid angle subtended by the cavity mode.

This leaves us with the third parameter, namely the atom—cavity cou-
pling rate go. In Chapter 9 we studied how two-level atoms interact with
resonant light fields originating from external sources such as a lamp or
laser. The situation we are considering here is slightly more complicated,
because there is no external source to determine the field strength. We
therefore have to consider the interaction between the atom and the vac-
uum field that exists in the cavity due to the zero-point fluctuations of
the electromagnetic field. (See Section 7.4.)



The interaction energy AE between the atom and the cavity vacuum
field is set by the electric dipole interaction (cf. eqn 9.25):

AFE = |M12€vac|; (1019)

where 112 = —e(1|z|2) is the electric dipole matrix element of the transi-
tion, and &y, is the magnitude of the vacuum field as given by eqn 7.37.
On setting AF equal to gy we then find:

,U/Q w 1/2
12
go =\ =— 5 . 10.20
0 (26071{/0) ( )

It is therefore apparent that the atom—photon coupling rate is deter-
mined by the dipole moment puq2, the angular frequency w, and the
modal volume Vj.

Equation 10.20 allows us to compare the atom—photon coupling rate
directly with the dissipative loss rate, and hence determine whether we
are in the strong or weak coupling regime, respectively. If we assume
that the cavity loss rate k is the dominant loss mechanism, we can use
eqn 10.16 to see that strong coupling occurs when:

go > w/Q. (10.21)
We then find from eqn 10.20 that the condition for strong coupling is:
2e0hwVy \
Q> (6020> . (10.22)
Hi2

We shall see in Example 10.1 below that this condition is very strict, and
requires cavities with very high @ values. In most cases, single atom sys-
tems will therefore be in the weak coupling regime, especially when the
loss rate to non-resonant modes is significant. The situation improves,
however, if we have N atoms in the cavity. The criterion for strong
coupling is then given by (cf. eqn 10.49 below):

VNgo > (k,7). (10.23)

The factor of v/ N makes it easier to observe strong coupling.

Example 10.1 An air-spaced symmetric planar cavity of length 60 pm
and modal volume 5 x 1071* m3 is locked to resonance with a cesium
transition at 852 nm which has |p12] =3 x 1072 C m.

(a) Estimate the smallest values of the cavity @, the cavity finesse, and
the mirror reflectivity required for strong coupling for a single atom.

(b) The radiative lifetime of the transition is equal to 32 ns. Confirm that
the atom—cavity coupling is larger than the non-resonant radiative
loss rate.

Solution

(a) For strong coupling we require g > k. We can substitute the values
of Vo and 12 into eqn 10.20 with w = 27¢/\ = 2.2 x 10*° rads™! to
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The parameters in this example are
based on the experiments described by
W. Lange et al. in Microcavities and
Photonic Bandgaps, Ed. J. Rarity and
C. Weisbuch, Kluwer Academic Pub-
lishers, Dordrecht, 1996, pp. 443-56.
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Although mirrors of such high reflectiv-
ities are not readily available, they can
nonetheless be obtained from specialist
optical coating companies.

It is important to realize that many of
the conclusions of Section 10.3 can be
reached by the classical theory of elec-
tromagnetism. By treating the atom as
an oscillating electric dipole, classical
electrodynamics can derive a formula
similar to eqn 10.28 for the emission
rate into free space and can also explain
why the presence of a cavity alters that
rate. (See Further Reading.) Moreover,
the idea of controlling a radiative tran-
sition rate by the environment occurs in
other branches of physics, for example,
extended X-ray absorption fine struc-
ture (EXAFS). On the other hand,
most of the results that are presented
in Section 10.4 are completely inexplic-
able in the classical picture, since they
depend on the presence of the vacuum
field.

find go = 1.5 x 10® rad s~ for this cavity. On using eqn 10.21, we then
find Q > 1.5 x 107. This value of ) implies from eqn 10.15 that the
modal angular linewidth must be less than gy = 1.5x10% rads~!. On
substituting this value into eqn 10.10, we then find F > 1.1 x 10°.
Finally, with x < 1.5 x 10® s~!, we find from eqns 10.12 and 10.13
that (1—R) < 2.9x10~°. Hence we require mirrors with reflectivities
greater than 99.997%.

(b) We first calculate the longitudinal decay rate from eqn 10.18. Since
the length of the cavity is very much larger than the wavelength,
we can assume that the solid angle subtended by the cavity mode is
small. Hence we can put

Y =A2 =1/TR =31 x10"s7",

We then find the non-resonant decay rate from eqn 10.17, giving
v = 1.6 x 107 s~1. This is an order of magnitude smaller than gq.

10.3 Weak coupling

10.3.1 Preliminary considerations

In the previous section we saw that the coupling strength between
the atom and the cavity can be classified as either strong or weak. In
this section we shall investigate the weak coupling limit, leaving strong
coupling until Section 10.4.

Weak coupling occurs when the atom—cavity coupling constant gg is
smaller than the loss rate due to either leakage of photons from the cavity
(k) or decay to non-resonant modes (7). This means that photons are lost
from the atom—cavity system faster than the characteristic interaction
time between the atom and the cavity. The emission of light by the
atom in the cavity is therefore irreversible, just as for emission into free
space.

Since the effect of the cavity is relatively small in the weak coupling
limit, it is appropriate to treat the atom—cavity interaction by pertur-
bation theory. In Section 10.3.2 we shall first use Fermi’s golden rule
to calculate the emission rate for the atom in free space, and then in
Section 10.3.3 we shall calculate the revised rate when the atom is cou-
pled resonantly to a single mode of a high-Q cavity. We shall see that
the main effect of the cavity is to enhance or suppress the photon den-
sity of states compared to the free-space value, depending on whether
the cavity mode is resonant with the atomic transition or not. This then
either enhances or suppresses the radiative emission rate through the
density of states factor that appears in Fermi’s golden rule (see eqn 10.24
below). The spontaneous emission rate from an excited state of an atom
is therefore not an absolute number, but can in fact be controlled by
suppressing or enhancing the photon density of states by means of a
resonant cavity.



10.3.2 Free-space spontaneous emission

Before considering the spontaneous emission of an atom to a single reso-
nant cavity mode, it is helpful to remind ourselves of the theory of dipole
emission in free space. To do this, it is helpful to consider the properties
of an emissive atom in a large cavity of volume Vj. This cavity is consid-
ered to be large enough that it has a negligible effect on the properties
of the atom, and is merely incorporated to simplify the calculation.

The transition rate for spontaneous emission is given by Fermi’s golden
rule:

2
W= 22 1M Pg(e), (10.24)

where M is the transition matrix element and g(w) is the density of
states. For the density of states we use the standard result for photon
modes in free space (see eqn C.11 in Appendix C):

W2VO

g(w) = (10.25)

w23’

while for the matrix element we use the electric dipole interaction:

Since there is no external field source within the cavity, we must use the
vacuum field for £. On substituting from eqn 7.37 and averaging over
all possible orientations of the atomic dipole with respect to the field
direction, we then obtain:

15 0 _M%zhw

M3 == = : 10.27
12 3M12 vae = 6 Vo ( )
Hence from eqn 10.24 we find the final result:
1 2 .3
W= — = H12Y (10.28)

TR 3meghcd’

TR being the radiative lifetime. We thus conclude that the emission rate is
proportional to the cube of the frequency and the square of the transition
moment.

The result for the radiative emission rate can be related to the
treatment based on the Einstein coefficients. (See Section 4.1.) The
spontaneous emission rate is given by the Einstein A coefficient:

hwd
W= Az = B3, (10.29)

where B§, is the Einstein B coefficient derived in Section 9.4. On
substituting for B$; from eqn 9.43, we obtain the same result as
eqn 10.28.
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The standard treatment of spontaneous
emission based on Fermi’s golden rule
and the Einstein A coefficient is dis-
cussed in more detail in Section 4.2.
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See E. M. Purcell, Phys. Rev. 69, 681
(1946).

(@

c

Fig. 10.5 (a) A two-level atom in a
single-mode cavity with volume Vj. (b)
Density of states function g(w) for the
cavity. The angular frequency of the
cavity mode is we, and Awc is its
linewidth.

10.3.3 Spontaneous emission in a single-mode cavity:
the Purcell effect

We now come to the main task of this section: to calculate the spon-
taneous emission rate for a two-level atom coupled to a single-mode
resonant cavity in the weak coupling limit. This problem was first con-
sidered by E. M. Purcell in 1946, and the resulting change to the emission
properties of the atom is now frequently called the Purcell effect.

Consider an atom in a single-mode cavity of volume Vj as shown in
Fig. 10.5(a). By ‘single-mode’ we mean that there is only one resonant
mode of the cavity that is close to the emission frequency of the atom.
There will of course be other modes in the cavity, but we neglect them in
this analysis because they are assumed to be far from resonance. In the
weak coupling limit it is possible to use a perturbative approach similar
to that for the atom in free space. The emission rate is then given by
Fermi’s Golden rule as in eqn 10.24.

We assume that the cavity mode has an angular frequency of w. with
a half width Aw,. determined by the quality factor Q). The density of
states function g(w) for the cavity will then take the form shown in
Fig. 10.5(b). Since there is only one resonant mode, we must have:

/Oog(w) dw =1, (10.30)
0

which is satisfied if we use a normalized Lorentzian function for g(w)
(cf. eqn 4.29):

2 Aw?
= = . 10.31
9(@) TAw, 4(w — we)? + Aw? (10-31)

If the frequency of the atomic transition is wg, then we must evaluate
eqn 10.31 at wp to obtain:

2 Aw?
< . 10.32
TAw: 4(wy — we)? + Aw? ( )

g(wo) =

At exact resonance between the atom and the cavity (i.e. wg = w,), this
reduces to:

(wo) 2 2Q)
w = = —
g\=o TAw.  Twy

, (10.33)

where we have made use of eqn 10.15.
As with the free atom, we use the electric dipole matrix element given
in eqn 10.26 and write in analogy to eqn 10.27:

2 hw
M2 — £2,2. 82 _ g2H12v
12 =& 1o 3 2e0Vo

vac

(10.34)



The factor £ is the normalized dipole orientation factor defined by:

_Ip- €|

$= el

(10.35)

We can recall that ¢2 averaged to 1/3 for the case of the randomly
orientated dipole in free space.

On substituting eqns 10.32 and 10.34 into Fermi’s golden rule
(eqn 10.24), we obtain:

2Qu3 Aw?
WCH.V — Q,u]_2 2 wC , (1036)
heo Vo 4wy — we)? + Aw?
where we have again made use of eqn 10.15. This rate can be compared
to the free-space value given in eqn 10.28. We now introduce the Purcell
factor Fp defined by:

cav free
wew g

Ip = [fes = e (10.37)
On substituting from eqns 10.28 and 10.36 we then find:
3Q(M\/n)3 Aw?
Fp = SO/ o e (10.38)

412V, 4wy — we)? + Aw?’

where we have replaced ¢/w by (A/n)/2m, A being the free-space wave-
length of the light and n the refractive index of the medium inside the
cavity. At exact resonance and with the dipoles orientated along the field
direction, eqn 10.38 reduces to:

_ 3Q(\/n)’

This is the main result of the analysis.

The Purcell factor is a convenient parameter that characterizes the
effects of the cavity. Purcell factors greater than unity imply that the
spontaneous emission rate is enhanced by the cavity, while Fp < 1
implies that the cavity inhibits the emission. Equation 10.39 shows that
large Purcell factors require high @ cavities with small modal volumes.
Furthermore, eqn 10.38 indicates that we need to have close matching
between the cavity mode and the atomic transition, and we also need
to ensure that the dipole is orientated as near to parallel with the mode
field as possible. The enhancement of the emission rate on resonance is
related to the relatively large density of states function at the cavity
mode frequency. By contrast, the inhibition of emission when the atom
is off-resonance is caused by the absence of photon modes into which the
atom can emit.

10.8
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Fig. 10.6 An atom resonantly coupled
to a planar cavity can emit both into
the cavity mode and also to free-space
modes.

This example is based on the experi-
ments reported by Gérard et al. Phys.
Rev. Lett. 81, 1110 (1998) and dis-
cussed in Section 10.3.4 below.

The first observations of the Purcell
effect at optical frequencies were made
in the late 1980s and early 1990s. See D.
J. Heinzen et al., Phys. Rev. Lett. 58,
1320 (1987), F. De Martini et al. Phys.
Rev. Lett. 59, 2955 (1987), and A. M.
Vredenberg et al., Phys. Rev. Lett. 71,
517 (1993). Observations at lower fre-
quencies came earlier. See, for example,
P. Goy et al., Phys. Rev. Lett. 50, 1903
(1983).

Another useful parameter to describe the effects of the cavity is the
spontaneous emission coupling factor 3. This is the fraction of the
number of photons emitted into the cavity mode to the total number
of photons emitted. In an ideal cavity, the g-factor would be equal to
unity. However, in a realistic cavity, there will still be emission into
non-resonant modes and the (-factor will be less than unity.

Consider, for example, the scenario depicted in Fig. 10.6, which shows
an atom resonantly coupled to a planar cavity. The atom will emit into
the cavity mode at a rate W given by eqn 10.36. However, since
the direction of spontaneous emission is inherently random, it can also
emit into free-space modes. The cavity only affects the density of states
for modes in the direction along its axis, and it is therefore reasonable
to assume that the density of free-space modes due to emission in all
the other directions is largely unaffected by the cavity. If we write this
emission rate into free-space modes as W, then the total emission
rate will be equal to (Wfee + 1) The 3 value is thus given by:

W cav - Fp
Wfree + Weav - 1+ FP’

where we have made use of eqn 10.37. We thus conclude that the S-factor
only approaches unity for large values of the Purcell factor.

8=

(10.40)

Example 10.2 A semiconductor quantum dot emits at 900 nm and
has a radiative lifetime of 1.3 ns. The dot is placed inside a GaAs micro-
cavity of refractive index 3.5 with modal volume 1 x 107! m™—3 and
@ = 2000. Calculate the radiative lifetime in the cavity, on the assump-
tion that the dipole moment is parallel to the mode field and that the
cavity is exactly on resonance.

Solution

With the dipole parallel to the mode field, we have £ = 1. Furthermore,
at exact resonance we have wg = w.. We can thus use eqn 10.39 to
calculate the Purcell factor:

32000 x (9% 1077/3.5)%
B 472 x 10-19 N

We can then calculate the lifetime in the cavity using eqn 10.37:

Fp 26.

free
av T 1.3 ns
TR = ]ljf,P =25 = 0.05 ns.

10.3.4 Experimental demonstrations of
the Purcell effect

The observation of lifetime shortening by the Purcell effect at optical
frequencies has posed a considerable challenge, since it ideally requires
a very high @ cavity with a small modal volume. Some of the clear-
est observations in recent years have been made with semiconductor
microcavity structures. These structures are primarily made to pro-
vide the wafers for vertical-cavity surface-emitting lasers (VCSELs) for



use in fibre optic systems. However, a spin-off of this technology has been
the development of monolithic semiconductor structures with extremely
small modal volumes (Vy ~ (A/n)?) which demonstrate strong quantum
optical effects. In this way it has been possible to use semiconductor
microcavities to demonstrate both weak-coupling effects as discussed
here, and also strong coupling: see Section 10.4.2 below.

Figure 10.7 shows a schematic diagram of a generic semiconductor
microcavity. The entire structure is grown by techniques of semicon-
ductor epitaxy. The active region usually contains quantum wells or
quantum dots (see Appendix D), and the cavity is formed by two dis-
tributed Bragg reflector (DBR) mirrors. These mirrors are made by
growing alternating layers of semiconductors with different refractive
indices to form a highly reflecting quarter-wave stack. The active region
is embedded within a spacer layer of thickness A/n, A being the vacuum
emission wavelength of the active material and n the refractive index of
the spacer material. In these conditions the planar cavity between the
DBR mirrors supports a resonant mode with field antinodes at the mir-
rors and at the centre of the cavity. The materials chosen for the DBR
mirrors and also the spacer region have larger band gaps than the active
material, so that they are transparent at the wavelength of interest.

Figure 10.8 shows results for the Purcell effect observed in InAs quan-
tum dot micropillar structures at 8 K. Figure 10.8(a) gives a schematic
diagram of the micropillar samples used for the experiment. The cylindri-
cal micropillars were fabricated by reactive ion etching of a microcavity
wafer grown by molecular beam epitaxy. The spacer region was made
from GaAs, and the DBR mirrors were made from alternating layers
of GaAs and AlAs. Both of these materials are transparent at the
emission wavelength of the InAs quantum dots, namely 918 nm. The
quantum dots were excited by 1.5 ps pulses at 838 nm from a mode-
locked Ti:sapphire laser, and the photoluminescence was detected with
a very fast detector called a streak camera.

To detector

Pump
laser

Off resonance
Tx=1.1ns 1

e

On resonance A
Quantum 7x=0.25 ns

dots

PL intensity (lin. units)

A o kb g b
0 500 1000 1500 2000 2500
Time (ps)
(@) (b)

Fig. 10.8 (a) Schematic diagram of a quantum dot micropillar structure. (b) Photo-
luminescence (PL) decay curves measured for InAs quantum dot micropillar struc-
tures with a diameter of 1 pm at 8 K. The two curves compare the decays measured
for on-resonance and off-resonance conditions. (After J. M. Gérard et al., Phys. Rev.
Lett., 81, 1110 (1998), ©American Physical Society, reproduced with permission.)
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Active
layer Aln
DBR-L 1\
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Fig. 10.7 A semiconductor microcav-
ity. The structure consists of an active
layer embedded within an inert spacer
region of refractive index n, which is
itself sandwiched between two DBR
mirrors. The thickness of the spacer
region is usually chosen to be equal
to A/n, where A is the emission wave-
length of the active material.

Note that the boundary conditions here
are different from the usual case with
field nodes at the mirrors. This occurs
because of the similarity of the spacer
region and the mirror materials.
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See E. T. Jaynes and F. W. Cummings,
Proc. IEEFE 51, 89 (1963).

The results presented in Fig. 10.8(b) are for a micropillar with a diam-
eter of 1 wm. The effective modal volume for this structure was estimated
to be 1 x 1071 m~3, and the Q-factor was measured to be 2250, giv-
ing a Purcell factor from eqn 10.39 of 32. Two photoluminescence decay
curves are shown corresponding to quantum dots of different frequencies
that were either in resonance or far out of resonance with the cavity.
The decay for the on-resonance dots is more than four times faster than
that of the off-resonance dots, which clearly demonstrates the enhanc-
ing effect of the cavity. The difference between the measured lifetime
reduction and the calculated Purcell factor is caused by inevitable vari-
ations in the crystal growth at the microscopic level. This produces an
inhomogeneous distribution in the precise position and frequency of the
quantum dots, making it impractical to detect the light coming exclu-
sively from optimally coupled dots located exactly at the antinode of the
cavity field.

10.4 Strong coupling

10.4.1 Cavity quantum electrodynamics

The conditions for strong coupling were described in Section 10.2. We
require that the atom—cavity coupling rate gg shall be larger than the
cavity decay rate set by the cavity lifetime and also the non-resonant
atomic decay rate. In these conditions the interaction between the pho-
tons in the cavity mode and the atom is reversible. The atom emits a
photon into the resonant mode, which then bounces between the mir-
rors and is re-absorbed by the atom faster than it is lost from the
mode. The reversible interaction between the atom and the cavity field
is thus faster than the irreversible processes due to loss of photons. This
regime of reversible light—atom interactions is called cavity quantum
electrodynamics (cavity QED).

The interaction between a resonant cavity mode and the atom was
first analysed in detail by Jaynes and Cummings in 1963. The Jaynes—
Cummings model describes the interaction of a two-level atom with
a single quantized mode of the radiation field. The workings of the
model are beyond the scope of this book and the reader is referred
to the bibliography for further details. We summarize here the main
conclusions.

We consider first the ‘bare’ states of an uncoupled resonant system
with just a single atom of angular frequency w in the cavity. The states
are labelled by the state of the atom 1 and the number of photons n:

U = |y;n). (10.41)

The ground state corresponds to the state with the atom in the ground
state and no photons in the cavity:

Uy = |g;0). (10.42)
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This has an energy of (1/2)w due to the zero-point energy of the vacuum
field in the cavity. The excited states are doubly degenerate. The first
excited state is at energy (3/2)hiw, and corresponds to the states with
either the atom in the excited state with no photons in the cavity |e; 0)
or the atom in the ground state with one photon in the cavity |g;1).
Similarly, the nth excited state has energy of (n+1/2)Aw and is derived
from the states |e;n — 1) and |g;n).

The effect of turning on the atom—cavity interaction is depicted in
Fig. 10.9. The electric-dipole interaction between the atom and the pho-
ton mixes the degenerate states and lifts the degeneracy. The first excited
state now consists of a doublet with energies given by:

EF = (3/2)hw =+ hgo, (10.43)

and with corresponding wave functions:
_ L
V2

The nth level consists of a doublet with energies given by

154 (lg:1) F le; 0)) . (10.44)

EE = (n+ 1/2)hw + /nhgo, (10.45)
and wave functions:
1
Ut = — (lg;n esn—1)). 10.46
5= 5 o) % fein 1) (10.16)

Each level thus consists of a doublet with splitting:
AE, = 2\/nhg. (10.47)

The mixed atom—photon states are called dressed states, and the
ladder of doublets is called the Jaynes—Cummings ladder.

It is informative to compare the dressed states of the Jaynes—
Cummings ladder to the dressed states discussed previously when
considering Rabi flopping in Section 9.5. The Rabi model considers the
resonant interaction between an atom and a classical field of high inten-
sity, while the Jaynes—Cummings model considers the same phenomenon
for quantized lights field with small photon numbers. Figure 10.9 can be
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Fig. 10.9 The Jaynes—Cummings lad-
der. The ladder describes the states of
a coupled atom—photon system with a
coupling constant of gg. The states of
the uncoupled system are labelled by
whether the atom is in the ground state
|g) or the excited state |e), and by the
number of photons n in the mode.
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P W W W W

Fig. 10.10 Coupled oscillators. wy
and wo are the natural frequencies of
the uncoupled oscillators and €2 is the
coupling strength.

reconciled with Fig. 9.7(b) by equating the Rabi frequency in the latter
with 24/ngo. The factor of two arises from difference between standing
waves in a cavity and travelling waves from a laser beam, while the fac-
tor of y/n arises from the scaling of the energy (o n for large n) with
the square of the electric field amplitude. The splittings of the upper
and lower levels in Fig. 9.7(b) are the same because we are considering
adding or subtracting a photon to the field when n is already large and
we can ignore the difference between /n and +/n &+ 1. The interesting
point of the cavity system is that there is a splitting even for the first
rung of the ladder. This splitting is called the vacuum Rabi splitting,
and its magnitude is equal to (see eqn 10.20):

1/2
2#%27%)) /

10.48
Vi (10.48)

AEY = 2hgg = <
The vacuum Rabi splitting can be understood as the AC Stark effect
induced by the vacuum field.
The Jaynes—Cummings model can be adapted to the case of IV atoms
interacting with the single-mode field of a resonant cavity. In this case
the vacuum Rabi splitting scales as the square root of N:

9 2 Fl,(,u 1/2
AEY(N) = VNAE"™ = /N <“12) . (10.49)
€oVo
If the medium within the cavity has a relative permittivity of €., we
should replace €, with e.eg = n%ep, where n is the refractive index, to
obtain:

n? €0 Vo

9 1/2
AEY(N) = VN (2“12h”) . (10.50)

These results are important for understanding the experimental results
presented below. It is very challenging to observe the vacuum Rabi split-
ting from a single atom, and many experiments in fact measure the
splitting for multi-atom systems.

The splitting of the modes of the atom—cavity system can be given a
quasi-classical explanation by considering the properties of two coupled
classical oscillators as shown in Fig. 10.10. If w; and wo are the natu-
ral angular frequencies of the uncoupled oscillators, (i.e. the cavity and
atom,) and  is the coupling strength, then it can be shown that the
frequencies of the coupled modes are given by

wi = (w1 +ws) /2 (2 + (w1 —wn)?)"*

(10.51)
At resonance, with w; = wy = w, this reduces to (see Exercise 10.9):
we =wEQ, (10.52)

which can be compared to the Jaynes—Cummings result with n = 1
which gives essentially the same result. Of course, the classical model
does not explain why there is a photon oscillator in the cavity in the
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first place: the vacuum field is a purely quantum effect with no classical
analogue. However, if we take the vacuum field for granted, then the
vacuum Rabi splitting can be understood as the frequency splitting of
the normal modes of the coupled atom—cavity oscillators.

Example 10.3 A cavity of length 3.2 mm and modal volume 1.9 x
10~ m? is tuned to resonance with one of the hyperfine lines of the
sodium Dy transition at 589 nm with p12 = 2.1 X 10729 C m. Calculate
the vacuum Rabi splitting frequency for a cavity containing 200 sodium
atoms.

Solution
We first calculate the coupling parameter gy from eqn 10.20 for angular
frequency wo = 2me/\ = 3.2 x 10*® rads™!. This gives:

((2.1 X 10‘29)2(3.2 X 1015)
go =

1/2
=6.3 x 10° rads™*.
heo(1.9 x 10-11) ) AT rads

Then from eqns 10.48 and 10.49 we find:
AQY* = 2v/Ngy = 1.8 x 10° rad s~ .

In an experiment we measure frequency rather than angular frequency,
and we thus expect a vacuum Rabi splitting of 28 MHz.

10.4.2 Experimental observations of strong coupling

The observation of strong coupling requires cavities with small volumes
to enhance the coupling constant gy and high Q-factors to reduce the
photon loss rate. We also require that other dissipative rates due to
dephasing and non-resonant emission should be minimized. Finally, we
require that the cavity should support only a single mode in resonance
with the atom. These requirements are very challenging, and it has taken
many years to develop the techniques to achieve the goal of observing
the vacuum Rabi splitting predicted by Jaynes—Cummings ladder.

Figure 10.11(a) shows a schematic diagram of an arrangement for
observing the vacuum Rabi splitting in atomic physics. The appara-
tus consisted of a high-finesse resonant cavity through which a beam of
sodium atoms was passed. A tunable probe laser was introduced through
one of the mirrors and the intensity of the transmitted beam was mea-
sured with a detector. The resonant frequency of the cavity was locked
to one of the hyperfine lines of the 3S;/, — 3P3/, transition of the
sodium atoms at 589.0 nm and the frequency of the probe laser was
scanned through the resonant mode. The intensity of the probe laser
was kept small so that the average photon number in the cavity was
small. The finesse of the cavity was 26000 and the cavity length was
3.2 mm. Although the cavity supported many modes, the finesse was suf-
ficiently high that only one of them interacted strongly with the atomic
transition.
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This example is based on the data
presented in Fig. 10.11.
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The observation of the vacuum Rabi
splitting for a single atom is reported
in A. Boca et al., Phys. Rev. Lett. 93,
233603 (2004) and in P. Maunz et al.,
Phys. Rev. Lett. 94, 033002 (2005).
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Fig. 10.11 Experimental demonstration of the vacuum Rabi splitting in atomic
physics. (a) Experimental arrangement. (b) Transmitted intensity as a function of
detuning from the resonant frequency with no atoms in the cavity. (¢) Cavity trans-
mission with the atomic beam turned on and the cavity locked to resonance with a
transition at 589.0 nm. The average number N of atoms within the resonant mode
was 200. (After H. J. Kimble in Cavity quantum electrodynamics (ed. P. R. Berman).
Academic Press, San Diego, CA (1994), p. 203.)

The results of the experiment are shown in Figs 10.11(b) and (c).
Part (b) shows the transmission of the cavity when the atomic beam is
switched off. In general, the cavity reflects the probe laser except when
its frequency coincides with the resonant mode. We thus observe a single
transmission peak at zero detuning. Part (c) shows the transmission with
an average number of 200 atoms in the cavity. Two transmission peaks
are now observed with their frequency shifted up and down from the
empty-cavity value. The magnitude of the splitting was found to scale
as the square root of the number of atoms, in agreement with eqn 10.49,
and the absolute magnitude was in agreement with the experimental
parameters of the cavity and the atoms. (See Example 10.3.) The results
therefore clearly demonstrate strong coupling of the atoms to the cavity.

Strong coupling has also been observed in solid-state physics using
semiconductor quantum well microcavities. The structures typically con-
tain several semiconductor quantum wells embedded at the centre of the
cavity formed between two mirrors as shown in Fig. 10.7. The whole
structure is grown as a semiconductor wafer by techniques of advanced
epitaxial crystal growth. The length of the cavity is generally chosen to
match the wavelength of the strongest exciton line at the band edge of
the quantum well. (See Fig. D.2.) Exact resonance is achieved by tuning
the frequency of the exciton line to the fixed-length cavity by external
parameters such as the temperature or electric field. Since the cavity is
only one wavelength long, it supports just a single mode near the exci-
ton line and we do not have to worry about other cavity modes. On
the other hand, the presence of thermal excitations in the crystal causes
rapid dephasing, and it is usually necessary to work at low temperatures
to ensure that the atom—cavity coupling exceeds the broadening due to
dephasing.
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Fig. 10.12 (a) Experimental arrangement for reflectivity and photocurrent mea-
surements on a GaAs/AlGaAs microcavity containing three InGaAs quantum wells
(QWSs). The top and bottom mirrors were p- and n-type doped respectively to form a
p-n junction, with the quantum wells contained in a thin undoped intrinsic (i) region
at the centre of the cavity, thus giving a p-i-n structure. Il;, and I represent the
incident and reflected light intensities, respectively. (b) Reflectivity and photocurrent
spectra at 5 K. (After T. A. Fisher et al., Solid State Electronics 40, 493 (1996), ©
Elsevier, reproduced with permission.)

Figure 10.12 shows experimental data for a high ) microcavity con-
taining three InGaAs/GaAs quantum wells. Tuning to exact resonance
was achieved in this experiment by doping the mirrors to form a p-i-n
structure as shown in part (a) of the figure. The quantum wells were
undoped and were inserted within the depletion region of the junction,
thereby experiencing a strong electric field when reverse bias was applied.
Then by varying the bias voltage, the frequency of the exciton lines could
be shifted to resonance by the Stark effect. The use of the p-i-n junc-
tion also permitted the measurement of the photocurrent generated after
absorption of photons in the cavity.

Figure 10.12(b) shows the reflectivity and photocurrent spectra mea-
sured at resonance with 7' = 5 K. The reflectivity spectrum should show
the opposite behaviour to the transmission, with high reflectivity when
the cavity is off-resonance and a dip at the resonant frequency. This
is observed when the cavity is out of resonance, but at resonance the
mode splits into a doublet due to the vacuum Rabi splitting, as demon-
strated in Fig. 10.12(b). The photocurrent spectrum gives a measure
of the absorption strength within the cavity and shows complemen-
tary behaviour to the reflectivity. The fact that both lines generate a
photocurrent demonstrates the mixed atomic—photon character of both
components of the Rabi doublet.

10.5 Applications of cavity effects

The properties of atoms in cavities have found application in both the
weak and strong coupling limits. We mention here two examples, one for

Strong coupling has also been reported
for single quantum dots in microres-
onator cavities at cryogenic temper-
atures. See J. P. Reithmaier et al.,
Nature 432, 197 (2004), T. Yoshie
et al., Nature 432, 200 (2004), and E.
Peter et al., Phys. Rev. Lett. 95, 067401
(2005).
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Weak coupling microcavity techniques
are routinely employed in VCSELs,
which are now commonly employed in
local area networks. The enhancement
of the cavity reduces the lasing thresh-
old and improves the directionality of
the emission.

Natural photonic structures have
recently been discovered in biology,
notably in butterfly wings. See Vukusic
and Sambles, Nature 424, 852 (2003).
The gemstone opal is another example
of a natural photonic crystal.

each type of coupling. Further examples may be found in the collections
of papers cited in the bibliography.

The most common application of cavity effects is in the production
of low-threshold lasers. The idea is to employ the control of the spon-
taneous emission rate that can be achieved in a weakly coupled cavity
to improve the performance of the laser medium. An interesting recent
development of this basic idea is to employ photonic crystals to obtain
better control of the spontaneous emission. A photonic crystal is a struc-
ture in which the dielectric properties are varied periodically on the
length-scale of the wavelength of the light. When the light wavelength
matches the period of the structure, Bragg reflection occurs and the
light is unable to propagate. This creates a photonic band gap, which
is analogous to the electronic band gaps formed in crystals when the
electron wavelength matches the unit cell size.

The distributed Bragg reflector mirrors found in semiconductor micro-
cavities have a periodic variation of the refractive index along the crystal
growth direction, and are thus examples of one-dimensional photonic
crystals. It is intuitively obvious that the effects of the cavity can be
enhanced further by controlling the spontaneous emission in more than
one direction. This requires a two- or three-dimensional periodic struc-
ture. The challenge of producing these engineered structures at optical
wavelengths is the subject of much current research.

The basic idea of the photonic crystal laser is shown schematically
in Fig. 10.13. Figure 10.13(a) gives a schematic diagram of a two-
dimensional photonic crystal containing a single emissive defect. The
hexagonal pattern of black circles might typically represent holes etched
into the surface of a semiconductor wafer, while the defect might be a
quantum dot at the position where a hole would normally have been.
The periodic structure prevents certain frequencies from propagating,
and this creates a photonic band gap in the photon density of states
as shown schematically in part (b) of the figure. The density of states

Defect mode

(@) (b)
8
§ Photonic __
) band gap
2
7
I 7
5 h
] " ™ Free-space
modes
Emissive defect 6 8 1'0

Frequency (arb. units)

Fig. 10.13 (a) Schematic diagram of a two-dimensional photonic crystal with a
hexagonal lattice containing a single emissive defect. The black circles represent air
holes etched into the surface of the crystal. (b) Schematic density of states in a pho-
tonic crystal (solid) compared to free-space (dashed). The emission frequency of the
defect mode is ideally chosen to be at the centre of the photonic band gap.



for free-space modes which follows an w? dependence (cf. eqn 10.25) is
shown for comparison.

In a perfect photonic crystal, the density of states drops to zero in
the gap, and is enhanced at the edges. The defect creates a new state
at the centre of the gap which has a large density of states compared
to free space. If this mode coincides with the emission frequency of the
defect, we expect enhanced emission properties. Alternatively, we can
exploit the enhanced density of states at the edges of the band gap.
Many researchers have now demonstrated low threshold lasers by these
methods.

Turning now to the strong coupling phenomena, one of the most excit-
ing applications is in the development of single-photon phase gates for
use in quantum computation. The idea here is to create an atom—cavity
system in which the addition of one atom or one photon produces a mea-
surable alteration to the properties of the system. The key parameters
are the critical atom number N; and critical photon number ng,
defined, respectively, by:

No = 267/ g3

no = 4v°/3g3. (10.53)

The observation of a single-photon phase gate requires (ng, Ng) < 1.
In these conditions the addition of a single photon makes a measurable
difference to the system.

Figure 10.14 shows a schematic diagram of the experimental arrange-
ment used to demonstrate a single-photon phase gate using cesium
atoms. The apparatus comprises of an ultra-high-finesse cavity tuned
to resonance with one of the atomic transitions of the cesium atom.
The flux of the atomic beam was adjusted so that on average there was
only ever one atom in the cavity at a time. The cavity was interrogated
with two beams called the control and probe beams, respectively. The
frequencies of these two beams were shifted slightly from each other to
allow them to be distinguished experimentally. The experiment consisted
in measuring the rotation of the polarization of the probe beam induced
by a single photon in the control beam. Experimental rotation angles of
around 15° were found conditional on the presence of the control beam.
The importance of single-photon phase gates is that they can be used
as conditional quantum logic gates in a quantum computer. This point
is developed further in Chapter 13.

Further reading

The optical properties of planar cavities are considered in many optics
texts, for example: Brooker (2003), Hecht (2002), or Yariv (1997).

A comprehensive collection of articles on cavity quantum electrody-
namics can be found in Berman (1994). The chapter by Hinds in that
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Details of a semiconductor laser oper-
ating on a two-dimensional photonic-
band-gap defect mode may be found
in Painter et al., Science 284, 1819
(1999), while Kopp et al. describe a
dye-doped liquid crystal laser which
exploits the enhanced density of states
at the edges of a one-dimensional pho-
tonic band gap in Opt. Lett. 23, 1707
(1998).
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Fig. 10.14 Schematic diagram of a
conditional phase gate using a single
cesium atom. The polarization state
of the transmitted probe beam was
measured by using a half wave plate
(A/2) and a polarizing beam splitter
(PBS). This enabled the polarization
rotation angle induced by the control
beam to be determined. (Adapted from
Q. A. Turchette et al., Phys. Rev. Lett.
75, 4710 (1995).)
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volume gives a very clear comparison of the classical and quantum-
mechanical treatments of radiative emission in free space and cavities,
while the chapter by Kimble gives a thorough review on work to observe
strong coupling phenomena in atomic physics up to 1994. Rempe (1993)
gives a more introductory treatment of the subject, while Kimble (1998)
reviews work on single atom strong coupling. Vahala (2003) gives a clear
overview of cavity effects in both atomic and solid state physics, while
further details about experiments on quantum dots may be found in
Michler (2003). A review of the present state-of-the-art for cavity QED
experiments in atomic physics may be found in Miller et al. (2005).

The Jaynes—Cummings model is described in many theoretical quan-
tum optics texts, for example: Gerry and Knight (2005), Meystre and
Sargent (1999), or Yamamoto and Imamoglu (1999). A tutorial review
may be found in Shore and Knight (1993).

Collections of review papers on atomic and solid state cavities, and
also on photonic structures, may be found in Rarity and Weisbuch (1996)
or Benisty et al. (1999). A tutorial review on confined electron and
photon systems is given by Weisbuch et al. (2000), while more specific
details about strong coupling in semiconductor microcavities are given
by Skolnick et al. (1998).

Detailed treatments of photonic crystals made be found, for
example, in Joannopoulos et al. (1995,1997) or Ozbay et al. (2004).
Woldeyohannes and John (2003) give a tutorial review of the control
of spontaneous emission in photonic materials.

Exercises

(10.1)

(10.2)

(10.3)

(10.4)

(10.5)

Show that the quality factor of a planar cavity of
finesse F is equal to mJF, where m is the mode
number defined in eqn 10.8.

By considering the field at an antinode, show
that the optical intensity of a resonant mode
inside a high-finesse symmetric cavity with mir-
ror reflectivities of R is enhanced by a factor
4/(1 — R) compared to the incoming inten-
sity. Explain also why the average intensity
within the cavity at off-resonant frequencies is
diminished by a factor (1 — R).

Calculate the photon lifetime for an air-spaced
symmetric cavity with R = 99% and L = 1 mm.

An air-spaced cavity designed for 589 nm has
mirrors of reflectivity 99.9% and a length of
1 cm. Calculate the finesse and the Q-factor of
the cavity.

An air-spaced symmetric planar cavity of length

350 wm has a modal volume of 5 x 107 m3.

(10.6)

(10.7)

Estimate the smallest allowed values of (a) the
cavity @, (b) the cavity finesse, and (c) the
mirror reflectivity to achieve strong coupling for
a transition of a single cesium atom at 852 nm
with 12 =3 x 1072° C m.

Calculate the maximum mirror separation for a
planar cavity that has just a single mode within
the emission band of a fluorescent dye with peak
emission at 600 nm and emission bandwidth of
40 nm. Assume that the cavity is filled with the
dye and that the dye has a refractive index of 1.4.

The semiconductor microcavity structures
described in this chapter incorporate quarter-
wave stack mirrors. (See Fig. 10.7.) Explain
why a planar structure consisting of alternating
layers of materials with refractive indices of nj
and mo has a high reflectivity for light of air
wavelength A when the material thicknesses are
chosen to be A\/4ni and A/4ns, respectively.



(10.8)

(10.9)

(10.10)

(10.11)

A quantum dot emitting at 930 nm is placed at
the centre of a resonant micropillar containing
material of refractive index 3.5. The modal vol-
ume is 1.8 x 107'® m® and the spectral width
of the resonant mode is 0.18 nm. Calculate the
Purcell factor.

The equations of motion of two coupled clas-
sical oscillators of angular frequency w may be
written:

&1 = —w?r1 4 20T,

Fo = —w?rs + 2001,

where z1 and z2 are the displacements of the
oscillators, and €2 is the coupling frequency. Find
the normal modes and frequencies of the coupled
system, on the assumption Q/w < 1.

Calculate the vacuum Rabi splitting frequency
for the cavity in Exercise 10.5 with 100 atoms in
the cavity mode.

Consider the cavity described in Example 10.3,
for which experimental data is presented in
Fig. 10.11.

(a) Use the experimental data to estimate the
photon lifetime for the cavity.

(b) Estimate the minimum number of atoms
that have to be in the cavity to resolve
the vacuum Rabi splitting, given that the
radiative lifetime of the upper level is 16 ns.
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(10.12) (a) The oscillator strength f;; of an atomic

transition ¢ — j is defined by

2mowi;| iz
fij=————
e?h

Use this definition to show that the vacuum
Rabi splitting of a semiconductor microcav-
ity of length Lcay containing Nq quantum
well layers at the centre of the cavity is given
by:

272 1/2
AEvac — (NQ@ h f’drea) ’

EOr’nOnQLcav

where farea is the oscillator strength per unit
area of each quantum well layer and n is the
refractive index of the semiconductor.

(b) Evaluate the vacuum Rabi splitting for a
resonant microcavity of length 700 nm and
refractive index 3.5 containing five quantum
wells each with farea = 6 x 10" m~2.

A cavity is made to the design of the cav-
ity in Exercise 10.5 with a finesse that gives
k/2m = 0.6 MHz. Calculate the critical atom
number and photon number for this cavity, given
that the free-space radiative lifetime for the
transition is 32 ns.



